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Abstract

We investigate notions of depth for inclusions of rings B C A, in particular for group
algebra extensions RH C RG for finite groups H < G and a non-zero commutative ring
R. A group-theoretic (or combinatorial) notion of depth for H in G is defined and used
to show that RH C RG has always finite depth. We compare the depths of H < G and
RH C RG@, and investigate how the depth varies with R.

1 Introduction and Motivation

Given an associative, unitary ring A and a subring B C A with 14 = 1p, we call B C A
a ring extension. We set T1(B,A) := A which is an (A, A)-bimodule via left and right
multiplication with elements in A. Moreover, for ¢ > 1, we define, inductively, an (A, A)-
bimodule T;41(B,A) := A®p T;(B,A). Via restriction, we may view T;(B, A) as (B, A)-
bimodule and as (A, B)-bimodule, respectively. We will denote these restrictions by 7} (B, A)
and T} (B, A), respectively. Furthermore, for ¢ > 1, we denote T;(B, A), viewed as (B, B)-
bimodule, by T/(B, A). In addition, we define T} (B, A) to be the (B, B)-bimodule B itself.

With this notation, the ring extension B C A is said to have left and right depth 2i + 1,
for some i > 0, if there is some m € N with 77, (B, A) | mTj(B, A), that is, T} (B, A) is
isomorphic to a direct summand of a direct sum of m copies of T}(B, A). Furthermore, the
ring extension B C A is said to have left depth 2i (respectively right depth 2i), for some i > 1,
if there is some m € N with T} (B, A) | mT}(B, A) (respectively TF (B, A) | mI} (B, A)).
In the case that B C A has both left and right depth d it is said to have depth d.

Observe that if B C A has depth d then it also has depth d + 1. Therefore, we are usually
interested in the minimal depth d(B,A) of the ring extension B C A. That is, d(B, A) is
defined as the least integer d > 1 such that B C A has depth d provided such an integer
exists; otherwise, we set d(B, A) := oo. Similarly, we define the minimal right depth d'(B, A)
and the minimal left depth d'(B, A) of B in A.

In this article we concentrate on the case where A and B are group algebras. That is, given
a commutative ring R # 0, a finite group G, and a subgroup H of G, we consider the group
algebras B := RH C RG =: A. As has been shown in [4], the ring extension RH C RG has
finite minimal depth provided that R is an algebraically closed field of characteristic 0. One of
the aims of this paper is to prove that RH C RG has always finite minimal depth, regardless
of R.

In order to investigate the depth of a group algebra extension RH C RG, it will be useful to
define a notion of combinatorial depth for the inclusion of finite groups H < G. Denoting by
d.(H,G) the minimal combinatorial depth of H in G, we show that

d(RH, RG) < d.(H,G) < 2|G : Ng(H)| < oo,

for any non-zero commutative ring R. We also examine the dependence of d(RH, RG) on the
coefficient ring R, and we compute the minimal ring-theoretic and combinatorial depths in a
number of examples.



It would be interesting to know whether the finiteness of the minimal depth is also valid for
other types of extensions. For instance for extensions of finite-dimensional Hopf algebras over
a field K, or extensions of the form

K[X1,..., X, C K[X1,...,X,],

where K[X1,...,X,]¢ is the ring of polynomial invariants of a finite group G. At present, we
do not have an example of a ring extension which is not of finite minimal depth, although we
certainly expect that there are many such examples.

The notion of depth relevant to this paper has its origins in the theory of von Neumann
algebras. For background information, see, for instance, [6] and [8]. Group algebra extensions
of depth 1 and 2, respectively, have been studied in [2] and [1], respectively, and extensions
of semisimple algebras of arbitrary finite minimal depth appeared in [4]. A notion of depth 3
for ring extensions was introduced and studied in detail by L. Kadison in [9].

From now on, all rings are supposed to be associative and unitary.

The present paper is organized as follows: in Section 2 below, we begin by fixing the notation
needed throughout. In Section 3 we then define and investigate our notion of combinatorial
depth of a group inclusion. After that, in Section 4, we show how the combinatorial depth and
the ring-theoretic depth are related, thereby proving that, for any finite groups H < G and
any commutative ring R # 0, the group algebra extension RH C RG has always finite minimal
depth. In Section 5 we compute the precise values of the minimal combinatorial depth and the
minimal ring-theoretic depth in various examples. We close with an appendix which gives a
category-theoretic characterization of the depth of a ring extension. Moreover, we show that,
in the case where B C A is a ring extension of finite-dimensional semisimple algebras over an
algebraically closed field, our notion of depth is equivalent to the one introduced in [4].
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2 Preliminaries and General Notation

Throughout this article, R # 0 denotes a commutative ring, G and H denote finite groups,
and all groups appearing are supposed to be finite.

For H < GG, we want to examine the minimal depth d(RH, RG) of the ring extension RH C
RG. We will, from now on, also write dg(H,G) rather than d(RH, RG). As mentioned in
the introduction, we intend to prove that dr(H, Q) is always finite. Our proof of this result
requires a notion of combinatorial depth of the group H in the group G. In order to define
this notion, we will make use of a number of known facts concerning the theory of finite bisets
which we will now briefly summarize. For further details, we refer the reader to [3].

Definition 2.1. Let G and H be arbitrary. A (G, H)-biset is a finite set X, endowed with a
left G-action and a right H-action, such that

g-(x-h)=(g-2)-h,

forge G,he Hyz € X. If X and Y are (G, H)-bisets and if f : X — Y is a map such
that, for any g € G, h € H, and x € X, we have

flg-2)=g-f(x) and f(z-h)=f(x)-h



then we call f a homomorphism of (G, H)-bisets.

Remark 2.2. (a) Let M be a finitely generated left RG-module which is free over R. Recall
that its dual module M* := Homp(M, R) becomes a right RG-module with

(f-g)(m) := f(gm), for fe M* ge G, me M.

(b) Let X be a (G, H)-biset. Then X can be considered both as left (G x H)-set and as right
(H x G)-set, via
(g,h) -z :=gzh™t and z-(h,g):=g ‘zh,

forz € X, g € G, h € H. In particular, RX is both a left permutation R[G x H]-module and
a right permutation R[H x G]-module. If, conversely, Y is a left (G x H)-set and if Z is a
right (H x G)-set then we can regard both Y and Z as (G, H)-bisets with

g-y-h:=(g,h )y and g-z-h:=z(hg "),
forge G,he H,y €Y, and z € Z. In this way, we may freely identify (G, H)-bisets with
left (G x H)-sets or right (H x G)-sets.

(c) Given a (G, H)-biset X, we define X° to be the (H, G)-biset which is, as a set, equal to
X, with action defined by
hea® g = (g ah ),

forx € X, g € G, and h € H. Here z° denotes an element x € X, viewed as an element in
X°. We call X° the opposite biset of X. In the case that G = H, we call X symmetric if X
and X° are isomorphic as (G, G)-bisets.

Note that, by what we have just mentioned above, X° now carries a left (H x G)-set structure
as well as a right (G x H)-set structure, and we have

(h,g)-a® = ha®g™" = (gzh™")° = (z- (k™. g71))° = ((9, ) - )°,

2® - (9,h) = hlatg = (g7 ah)* = (97" h71) - 2)° = (z - (h,9))".
In particular, RX° is both a right permutation R[G x H]-module and a left permutation
R[H x G]-module.

(e) For any subgroup U of G x H, we define its dual group
U ={(z,y) e Hx G| (y,x) €U} < H x G,

and we get an isomorphism of (H,G)-bisets (G x H/U)° = H x G/U*.

(f) The coproduct X WY of two (G, H)-bisets X and Y is defined as the disjoint union of the
underlying sets, with the obvious actions of G and H.

(g) Generalizing the above concept, we will also identify arbitrary (RG, RH)-bimodules with
left R[G x H]-modules or with right R[H x G]-modules.

With these conventions, we observe the following two facts. The proof of the first one is left
to the reader.



Lemma 2.3. Let X = {x1,...,zn} be a (G, H)-biset, and let RX be the corresponding left
permutation R[G x H|-module. Let further {x7,... ,z}} be the basis of RX™ which is dual to
the basis X of RX. Then the R-linear map

f:RX° — (RX)", z; —z; (i=1,...,n)
defines an isomorphism of right R|G x H|-modules, or equivalently, of (RH, RG)-bimodules.

Lemma 2.4. Let X be a symmetric (G, G)-biset and assume that H < G. Let further X!
and X", respectively, be the (H,G)-biset and the (G, H)-biset, respectively, obtained from X
by restriction. Then X' 2 (X7)° as (H,G)-bisets, and X* = (X")° as (G, H)-bisets.

Proof. For any (G,G)-biset X, we have (X°)" = (X')°, as (G, H)-bisets. Thus if X is a
symmetric (G, G)-biset then

X" = ResZ[5(X) 2 Resg 7 (X°) = (X°) = (X")°,
as (G, H)-bisets. Analogously, we have an isomorphism X! 22 (X7)° of (H, G)-bisets. O

Remark /Definition 2.5. Let G, H, K, and L be groups.
(a) For any subgroup U of G and any g € G, we set

W :=qgUg ' and U9I:=g Uy,
and write Coreg(U) := () ¢ UY for the core of U in G.

(b) For subgroups U of G x H and V of H x K, we define a subgroup U * V of G x K as
UxV :={(g,k) e Gx K |3IheH:(g,h) €U, (hk) eV}
Then, for any g € G, any k € K, and groups U <G x H,V < H x K, W < K x L, we have
UxV)«W =Ux(V«W), UxV)*=V*"xU",

GO« V)= @ «V, (U« V)BD) = 5 y L),

(c) We denote by p1 : G x H— G and py : G x H — H the canonical projections.
(d) Suppose that U < H and that ¢ : U — G is a group monomorphism. Then we define a

twisted diagonal subgroup

Ap(U) :={(p(u),u) |ueU}
of Gx H. In the case that G = H and ¢ is induced by conjugation with an element g belonging
to some overgroup of G, we also write Ay(U) rather than A,(U). In particular, we obtain
A (U)=AU) :={(z,z) |z € U}.
(e) Given a (G, H)-biset X and an (H, K)-biset Y, the cartesian product X X Y becomes a
(G, K)-biset in the obvious way. Moreover, we have a left H-action on X x Y, defined by

h-(x,y) = (xh_l,hy),

forx € X,y €Y, and h € H. The H-orbit of an element (z,y) € X x Y will be denoted by
[x,y], and the set of all H-orbits on X x Y will be denoted by X x Y. Note that the (G, K)-
biset structure of X x Y induces a (G, K)-biset structure of X x g Y. Note further that if X,
and Xy are (G, H)-bisets and if Y7 and Ys are (H, K)-bisets then we have an isomorphism of
(G, K)-bisets:

(XlL'UXQ) X g (YlUﬂYQ)g(Xl XHY1)LH(X1 XHYQ)L'U(XQ XHY1)LH(X2 XHYQ).



Proposition 2.6 (Bouc, [3|, Prop. 1). Let G, H, and K be groups. Let further U < G x H,
and let V< H x K. Then one has an isomorphism of (G, K)-bisets:

(GXx H/U)xy (Hx KJV) = b-J Gx KU +MD v
p2(U)hp1(V)e
p2(UN\H /p1(V)

The assertions of the next proposition are easy consequences of the above definitions. We
leave the proof to the reader.

Proposition 2.7. Let G, H, K, and L be groups, let X be a (G, H)-biset, let Y be an
(H, K)-biset, and let Z be a (K, L)-biset. Then

(X xpgY)=2Y°xyg X°, as (K, G)-bisets, and
(X xgY)xg Z=2 X xg (Y xg Z), as (G, L)-bisets.
Moreover, we have an isomorphism of (RG, RK)-bimodules
f:R[X xgY] — RX ®ry RY,
with f([x,y]) =z ®vy, for any x € X and anyy €Y.

Notation 2.8. Let n > 1, and let Gy,...,Gp41 be groups. For 1 < i < n, let further X; be
a (G, Gi11)-biset, and let x; € X;. Then we define

[wl,...,xn] = [ [[.%'1,.%’2],1‘3],... ,.%'n] € X X Gy X XGs  X@ X,

n

In the next two sections we introduce our notion of combinatorial depth of a group H in
an overgroup G, and we will show how this combinatorial depth of H in G is related to the
ring-theoretic depth of the group algebra extension RH C RG.

3 Combinatorial Depth of Group Inclusions

Throughout this section H denotes a subgroup of the finite group G.

Remark /Definition 3.1. We define ©,(H,G) to be the (G, G)-biset G, with G acting on
itself via left and right multiplication, respectively. Then, for i > 1, we define a (G, G)-biset

®i+1(H, G) = @Z(H, G) X H G.

For i > 1, we may view O;(H,G) as an (H, H)-biset via restriction; this restriction will be
denoted by ©}(H,G). In addition, we define ©((H, G) as the (H, H)-biset H. Moreover, for
i > 1, we write OL(H, G) and ©F(H, G), respectively, for ©,(H, G) viewed as (H, G)-biset and
(G, H)-biset, respectively. With this notation, for any i > 1,

O (H,G) xi ©Y(H,G) = 0,,1(H,G) = O(H,G) xy 0\ (H,Q),
as (G, G)-bisets.

If X is a (G, H)-biset then X and X x iy H are isomorphic as (G, H)-bisets. Similarly, if Y is an
(H,G)-biset then H x Y and Y are isomorphic as (H, G)-bisets. Moreover, G = HW (G~ H)
is a decomposition of (H, H)-bisets. Thus, for ¢ > 1, we have decompositions

i+1(H,G) = 0;(H,G) W (0;(H,G) xpg (G~ H)), (1)



as (G, H)-bisets,
011 (H,G) = 6,(H,G) v (G~ H) xg 6;(H,Q)), (2)

as (H,G)-bisets, and
Oi(H,G) = 0;_1(H,G) ¥ (0] _,(H,G) xy (G~ H)), (3)

as (H, H)-bisets. This yields chains

O (H,G) — O4(H,G) — O4(H,G) — ... (4)
O\ (H,G) = OL(H,G) — O4(H,G) — ... (5)
O4(H,G) — ©\(H,G) — 05(H,G) — ... (6)

of monomorphisms of (G, H)-, (H,G)-, and (H, H)-bisets, motivating the following definition.

Definition 3.2. (a) If there exist some ¢ > 1, some m € N, and a (G, H)-biset monomorphism
0;,,(H,G) — m-0Oj(H,G) then we say that H has right (combinatorial) depth 2i in G. Here,
m - ©}(H, ) denotes the coproduct of m copies of O (H,G).

(b) If there exist some i > 1, some m € N, and an (H, G)-biset monomorphism O}, | (H,G) —
m - ©Y(H,G) then we say that H has left (combinatorial) depth 2i in G.

(c) If there exist some i > 0, some m € N, and an (H, H)-biset monomorphism O}, (H,G) —
m - ©L(H, Q) then we say that H has left and right (combinatorial) depth 2i + 1 in G.

If H has both left and right combinatorial depth d € N in G then we say that H has (combi-
natorial) depth d in G.

In a first step, we will show that a subgroup H of a group G has left (combinatorial) depth d
in G if and only if it has right (combinatorial) depth d in G.

Lemma 3.3. Leti > 1. Then ©;(H,G) is a symmetric (G, G)-biset. In particular, ©F(H,G) =
(6L(H,Q))° as (G, H)-bisets, and ©\(H,G) = (0}(H,G))° as (H,G)-bisets.

Proof. We argue by induction on i. Since we have isomorphisms
GG xG/AG)=GxG/AG)" = (G xG/AG) =2G°,

of (G, G)-bisets, we conclude that ©,(H,G) is a symmetric (G, G)-biset. Thus, by Lemma
2.4, OV (H,G) = (0} (H,G))° as (H, G)-bisets, and O} (H,G) = (0} (H,G))° as (G, H)-bisets.
So we may from now on suppose that ¢ > 2. By definition,

0,(H,G) 2 60;_,(H,G) xg ©\(H,G) =6} (H,G) xg ©)_,(H,G),
as (G, G)-bisets. Hence, by Proposition 2.7 and our inductive hypothesis, we also deduce that
0;(H,G)° = (61(H,G))° xu (8]_1(H,G))° = O1(H,G) xu 0}_1(H,G) = 6;(H,G),

as (G, G)-bisets. Therefore, ©;(H,G) is a symmetric (G, G)-biset, and the second assertion
again follows from Lemma 2.4. O

Lemma 3.4. Let d € N. Then H has left depth d in G if and only if H has right depth d in
G.



Proof. Suppose that H has left depth d in G. In order to show that H has also right depth
d in G, we only need to consider the case where d is even. That is, d = 2¢, for some ¢ € N.
Then there are some m € N and an (H, G)-biset monomorphism

O, (H,G) — m-O4(H,G).
Using Lemma 3.3, we then also have a (G, H)-biset monomorphism
i1(H,G) = (014, (H,G))° = (m- 6i(H,G))° = m-6,(H,G)° = m - Oj(H,G),
so that H has right depth 2¢ in G. Analogously, one shows the converse. O

Remark /Definition 3.5. (a) As a consequence of Lemma 3.4, we need not distinguish be-
tween left and right depth of H in G, and may, from now on, only speak of (combinatorial)
depth of H in G.

(b) Suppose that H has depth d > 1 in G. Then H has also depth d + 1 in G. For if
d = 2i for some i > 1, then there are some m > 1 and a (G, H)-biset monomorphism
0j,(H,G) — m - ©j(H,G) which of course restricts to an (H, H)-biset monomorphism

O, (H,G) = m-Oj(H,G). If d = 2i + 1 for some i > 0, then there are some m > 1 and an

(H, H)-biset monomorphism 0, ,(H,G) < m - ©j(H,G) which then gives rise to a (G, H)-
biset monomorphism ©f, ,(H,G) = Gx 0O (H,G) = m-(GxyO;(H,G)) = m-0} ,(H,G).
(c) For i > 1 we set
Ki(H,G) := K; := {Stabgxu(0) | 0 € ©;(H,G)},
and for ¢ > 0 we set
Ki(H,G) := K, :== {Staby«(0) | 0 € ©,(H,G)}.
Recall that ©}(H,G) = ©}(H,G) = 0,(H, Q) as sets, for ¢ > 1. By (4) and (6) we obtain
KiCKyCKsC--- and KGCKjCKyC---. (7)

We also set

Koo(H,G) = Koo := | JK; and K[ (H,G) =KL, =K}

i>1 i>0

Since the set of point stabilizers of a G-set determines the isomorphism classes of its orbits,
we immediately obtain for ¢ > 1:

H has depth 2i in G if and only if K;y1 C K;, and (8)
H has depth 2i — 1 in G if and only if K; C K._;. (9)

Since the set of subgroups of G x H is a finite set, there exists some i > 1 such that IC; = KC;41.
Thus, H has depth 2i in G for some ¢ > 1. This implies that there exists a smallest positive
integer d such that H has depth d in G. This integer is called the minimal (combinatorial)
depth of H in G and it is denoted by d.(H,G).



Proposition 3.6. (a) For i > 1 the following are equivalent:
(i) de(H,G) < 2i, i.e., H has depth 2i in G.

(
(
) For i >0 the following are equivalent:

(i) de(H,G) <2i+1, i.e., H has depth 2i+ 1 in G.

(ii) K = Kiyy-

(iii) K] = K.

Proof. We only prove part (a). The proof of part (b) is similar. The equivalence of (i) and
(ii) follows from (7) and (8). By (7), (iii) implies (ii). Finally, Remark 3.5(b) together with
the equivalence of (i) and (ii) show that (ii) implies (iii). O

Notation 3.7. For any n > 0, and any z1,...,z, € G, we define

Hz1,...,zn ==HNH"*"NH*?N---NH* and
ﬁ1‘17,,,71‘n = H N Hzn N Hzn—lxn N---N H"L‘l---xn‘

In the case that n = 0, we have H,, ., = H and flzlxn := H by convention.

For ¢ > 0 we set

Ui(H,G) :=U; = {Hy, 2 | 21,..., 2 € G} and Uso(H,G) :=Us = | JUi.

i>0
Note that, by convention, Uy = {H}, and that U; C U; 4, for i > 0.

Lemma 3.8. (a) Let i > 1 and let x1,...,x; € G, so that [x1,...,2;] € ©;(H,G) = G xg
- xpg G. Then one has: B

(i) Stabgxg([x1,...,zi]) = Amxl(Hszxl)

(ii) Stabpxa([z1,...,2zi]) = Agpeea, (Hayozy)-
(b) One has the following explicit descriptions for the sets K, and IC;:
(i) Fori>1 one has K; = {Ay4(U) | g € G,U € Us_1}.
(i) Ky = {An(H) | h e H}.
(iii) Fori > 1 one has K = {Ag, (Hg,,...q;) | 91,---,9i € G}.

Proof. (a) An element (g,h) € G x H is contained in Stabgxg([z1,...,2;]) if and only if
[g921, 72, ..., 2i_1,2;h Y] = [21,..., 2], that is, if and only if there exist hy,...,h;_1 € H such
that

gxlhfl = I, hjflxjhjil = Iy, for ] = 2, . ,i — 1; hi,lxih_l = ;.

Thus (g, h) € Stabgxm([z1,- .., 2;]) if and only if

h e Hﬂx;lei ﬂxi_lxi__llei,lxi ﬂ...ﬂxt_l---xngxg---xi

7

and g =21 --- xihx;l e xfl, or equivalently, if (g,h) € Azlzz(ﬁzzzz) This proves (i).
For (g,h) € G x H, we have (g,h) € Stabyxu([z1,...,2;]) if and only if

(9,h) € Stabasg([z1,. .., 2i]) = Apyos (Hay.. 20



and g € H. This is equivalent to (g, h) € Amlxz(ﬁIQIl NH™%) = Am---xi(ﬁm,...,xi), and
(ii) is proved.

(b) Parts (i) and (iii) follow immediately from the equations

Axl"'l‘i(Hx27~~~71‘i) = Agl (Hg2,...,gi) and Al‘l"'l‘i(H1‘17~~~71‘i) = Agl (H917~~~7gi)’

whenever z1,...,z; € G and g1, ..., g; € G determine each other by the equations
Ti=0i, Ti—1%; = Gi—1, Ti—2Ti—1T5 = Gi—2, ..., T1T2 " Tj = g1 -
Part (ii) follows immediately from the definition of Aj,. O

The following theorem gives explicit conditions for H having depth d in G.

Theorem 3.9. (a) For i > 1 the following are equivalent:

(i) de(H,G) < 2i, i.e., H has depth 2i in G.

(i) U1 = U

(ifi) Us_1 = Uso.

(iv) For any x1,...,x; € G, there exist y1,...,yi—1 € G such that Hy, o, = Hy, 4 -
(b) One has d.(H,G) = 1 if and only if for every x € G there exists some y € H such that
zha™! = yhy™! for allh € H.

(c) Let i > 1. The following are equivalent:

(i) de(H,G) <2i—1, i.e., H has depth 2i — 1 in G.

(ii) For any x1,...,x; € G, there exist yy,...,yi—1 € G such that Hy, . ., = Hy, 4., and
xlhxl_l = ylhyl_1 forallhe Hy, . .-

Proof. (a) This follows immediately from Proposition 3.6(a) and Lemma 3.8(b)(i).
(b) This follows immediately from Proposition 3.6(b) and Lemma 3.8(b)(ii).
(c) This follows immediately from Proposition 3.6(b) and Lemma 3.8(b)(iii). O

Remark 3.10. Theorem 3.9 can be interpreted as follows. The poset structure of U/, deter-
mines an integer ¢ > 1 such that d.(H,G) € {2i — 1,2i}. The integer ¢ is minimal such that
U;—1 = Ux. More precisely, if Uy, = {H} then i = 1. If [Uy| > 1 let Uy,...,U,, denote the
maximal elements in the poset Us, . {H } and choose ¢ minimal such that every element in Us,
can be expressed as the meet of i — 1 elements from {Uy,...,Uy}. In order to find the precise
value of d.(H, G), one has to check the stronger condition in Theorem 3.9(c)(ii) for this ¢ (or
3.9(b) in the case that ¢ = 1), which involves also the conjugation maps on subgroups.

The following theorem gives further bounds for the integer d.(H,G). For a finite non-empty
partially ordered set X, we define the largest integer n such that there exists a chain z; <
-+ < x, in X as the depth of X.

Theorem 3.11. Let § denote the depth of the partially ordered set Uy, and let K := Coreg(H).
Moreover, let 6, denote the smallest positive integer k such that K can be written as the inter-
section of k conjugates of H in G, and let 6* denote the smallest positive integer k such that
the intersection of any k pairwise distinct G-conjugates of H is equal to K. Then one has:
(a) 20, — 1 < d.(H,G) < 26.

(b) 6, <6 < 6" < |G : Ne(H)|.

(c) If 6, = 0 and K < Z(QG) then d.(H,G) =26 — 1.



Proof. (a) We first show that d.(H,G) < 2§, using Theorem 3.9(a)(ii). Let z1,...,z5s € G
and set U; := Hy, 4, fori=20,...,0. Then Us <Us_y <--- <U; < Uy = H is a chain in
U consisting of 6 + 1 subgroups. Thus, there exists i € {1,...,d} such that U;—y = U;. If we
define y1,...,y5—1 € G by omitting z; from x1,..., x5 then Hy, .. = Hy .. |, as desired.
Next we show that d.(H,G) > 20, — 1. If 6, = 1 then this is trivial, as d.(H,G) > 1 by
definition. Assume that d, > 1 and that d.(H,G) < 2(d, — 1). Then, by Theorem 3.9(a),
one has Us, o = Uy, Thus, K € Uy, can be written as the intersection of some set of §, — 1
G-conjugates of H. This is a contradiction.

(b) Clearly, 0* < |G : Nq(H)|, and by (a) we also know that d, < ¢.
Next we show that § < ¢*. Let K = Us < Us_y < --- < Uy = H be a chain (of maximal length)

in U,. We will construct, inductively, elements x1,...,x5 € G such that, for all i =1,...,9,
the groups H*',..., H* are pairwise distinct and U; = H** N --- N H*. We start by setting
x1 := 1. Next assume that x1,...,z; € G with the desired property are already constructed

for 1 <14 < 4. Since U;+1 < U; and U;11 can be written as the intersection of all G-conjugates
of H which contain U;y1, there exists x;4.1 € G such that U;1 1 < U;NH%+1 < U;. This implies
that H%#+1 ig distinct from each of the groups H*',..., H%. Moreover, the maximality of the
length of the chain Us < --- < Uj implies that U;;.; = U; N H¥+1. Now, having constructed
T1,...,r5 € G with the desired property, we observe that the intersection Us_1 of § — 1
pairwise distinct conjugates of H is strictly larger than K. This implies that 6* > § — 1.

(c) If 6, = 6 = 1 then H isnormal in G and H = K < Z(G) by assumption. So Theorem 3.9(b)
then implies the result. Assume now that 6, = § > 1. We will apply the criterion in
Theorem 3.9(c). Let z1,...,25 € G. Set U; := Hy, 5, for i =0,...,8. Then U;s < Us_; <

- < U < Uy = H is a chain in Uy. By the definition of § there exists i € {1,...,0}
with U; = U;—1. If ¢ > 1 then we can define the sequence yi,...,ys—1 € G by omitting
x; from x1,...,25 and have y; = x1 and H, ., = Hy, . 4 ,, as desired. Therefore, we
may assume that Us < Us_1 < --- < Uj. In this case, the maximality of ¢ forces Uy = H
and Us = K. In this case we can define y1,...,ys_1 as the sequence xs,...,xs and obtain
Hy\ . .25 = K = Hy, y_,- Moreover, 1 and y; act identically on K, since K < Z(G).
Hence d.(H,G) < 26 — 1 and, by (a), we also have 26 — 1 =20, — 1 < d.(H,G). O

In [2| and [1], respectively, the first and third author established group-theoretic characteri-
zations of group algebra extensions RH C RG of depth 1 and 2, respectively. We close this
section by giving analogous interpretations of group inclusions H < G of small combinatorial
depth. Recall that a subgroup H of some group G is called a trivial-intersection (TT) subgroup
of G provided that H N HY =1 whenever g € G~ Ng(H).

Theorem 3.12. Let K := Coreg(H). One has:

(a) dc(H,G) =1 if and only if G = HCq(H).

(b) de(H,G) < 2 if and only if H is normal in G.

(c) If H is TI in G then d.(H,G) < 3.

(d) If H/K is Tl in G/K then d.(H,G) < 4. If, moreover, K < Z(G) then d.(H,G) € {1, 3}.
Proof. Assertions (a)—(c) follow immediately from Theorem 3.9. To prove (d), suppose that
H/K is Tl in G/K. Then Uy, = {K,H} = U;. Thus, d.(H,G) < 4, by Theorem 3.11(a).
Note that if H/K is TI in G/K then 6, = § € {1,2}. Therefore, if additionally K < Z(G),

then Theorem 3.11 (c) implies d.(H,G) € {1,3}. (Note that (c) is also a consequence of (b)
and (d)). O
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Examples 3.13. (a) The following example shows that the bound d.(H,G) < 26 from The-
orem 3.11(a) is not sharp, in the sense that it can happen that d.(H,G) < 2(6 — 1).

Consider the wreath product G := Cy 1 &4 of the group Cy := ((1,2)) of order 2 with the
symmetric group &4 of degree 4. We may regard G as a subgroup of the symmetric group
Gsg in the usual way. Let H := ((1,2),(3,4)) < G. The normalizer N¢(H) is isomorphic to
(C21C9) x (C22C7) so that |G : Ng(H)| = 6. Thus, there are precisely six conjugates of H
in G: any such group is generated by two of the transpositions (1,2), (3,4), (5,6),(7,8). The
core K := Coreg(H) is trivial, and can be written as the intersection of any four distinct G-
conjugates of H. But the intersection of the three G-conjugates ((1,2),(3,4)), ((3,4), (5,6)),
((3,4),(7,8)) is not trivial. Thus, 6* = 4. Clearly, §, = 2 and § = 3. So Theorem 3.11(a) and
(b) give 3 < d.(H,G) < 6.

Using Theorem 3.9(c), one can show that in fact d.(H,G) = 3: let 1 =: g, z1,22 € G. If H =
H?"2 or H*' = H™? then we define y; := x1 which satisfies the conditions in Theorem 3.9(c)(ii).
Otherwise we either have H%e % H?% for any 0 < a < b < 2, or we have H*? # H =
H*™ # H*™. So, in particular, |H N H** N H*2| < 2. If HN H* N H*2 = 1 then we
set y1 := (1,5)(2,6)(3,7)(4,8) which again satisfies the conditions in Theorem 3.9(c)(ii).
Suppose now that |[H N H* N H*| = 2. If H # H™ then H N H* = H N H* N H*,
and we set y; := x1. Otherwise we are in the case where H = H®', and we then have
HnNH"NnH* € {{((1,2)),((3,4))}. We may suppose that H N H** N H* = ((3,4)); the case
where H N H** N H*> = ((1,2)) can be treated similarly. If z; € C¢((3,4)) then we define
y1 = (1,5)(2,6). If 21 € Ng(H) ~ C5((3,4)) then we must have z1(3,4)z7" = (1,2), and we
set y1 := (1,7,5,3)(2,8,6,4). In either case, y; satisfies both conditions in Theorem 3.9(c)(ii).
Since H is not normal in G, we thus get d.(H,G) = 3.

This example also shows that the converse of Theorem 3.12 (d) does not hold, in general. For
H/K = H is not a TI-subgroup of G/K = G.

(b) Let G := {(a,b | a® =b> =1, bab~! = ¢ ') and H := (a*,b). Then G is a dihedral group
of order 16, and H is a Klein four group. In this case, the core K of H in G equals the centre
Z(G) = {(a*) of G. Moreover, H is not TI in G, but the factor group H/K is TI in G/K.
Thus we must have d.(H,G) = 3.

(c) The following example shows that we cannot drop the assumption Coreq(H) < Z(G) in
the second statement in Theorem 3.12(d). Consider G := &4, the symmetric group of degree
4. Let further H be a Sylow 2-subgroup of G. Then the core K of H in G is the normal
Klein four subgroup of &4, so that K ¢ Z(G). Moreover, G/K = &3, H/K = &3, and
H/K is a TI-subgroup of G/K. By Theorem 3.12, we must have 3 < d.(H,G) < 4. Using
Theorem 3.9(c)(ii), we can deduce that d.(P,&4) = 4. In fact, if we choose z; = 1 and
x9 € G\ H then there exists no y; € G satisfying the conditions in Theorem 3.9(c)(ii).

4 Depth of Group Algebra Extensions

Throughout this section G denotes a finite group, H denotes a subgroup of G, and R denotes a
commutative ring with R # 0. In the course of this section we determine how the combinatorial
depth of H in G is related to the depth of the ring extension RH C RG.

Theorem 4.1. Let d € N. The ring extension RH C RG has left depth d if and only if it has
right depth d. Moreover, we have dr(H,G) < d.(H,G). In particular, RH has finite minimal
depth in RG.
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Proof. Suppose that, for some d € N, the group algebra RH has left depth d in RG. If d is
odd then RH has automatically right depth d in RG as well. If d = 24, for some ¢ > 1, then
there is some m € N such that

T}.,(RH,RG) | m - T}(RH,RG). (10)

Note that, for any j > 1, the (RH, RG)-bimodule T;(RH, R@) is isomorphic to the permuta-
tion bimodule R@;(H ,G). This follows from Proposition 2.7. So, in consequence of Lemma
2.3 and Lemma 3.3, we obtain, for any j > 1, an isomorphism (@;(H, G))° = O3(H,G) of
(G, H)-bisets and thus an isomorphism

1 * ~v 1 * ~v 1 O ~v T ~ T
of (RG, RH)-bimodules. Hence, by (10), we also have
ir1(RH,RG) | m - T;(RH, RG),

and RH has right depth 2i = d in RG. Analogously, we deduce that if RH has right depth
d € Nin RG then RH has also left depth d in RG. In particular, di(H,G) = d%(H,G) =
dr(H,G).

Now let d := d.(H,G) be the minimal combinatorial depth of H in G. In the case that
d = 2i+1 for some i > 0, there exist m € N and an (H, H)-biset monomorphism ©;_,(H,G) —
m - ©}(H,G). From this we deduce that

i+1(RH,RG) = RO (H,G) | m- RO{(H,G) = m - T/(RH, RG),

as (RH, RH)-bimodules so that RH has depth 2i + 1 = d in RG. Similarly one deals with
the case where d = 2¢ for some ¢ > 1. Therefore,

dr(H,G) < d = do(H,G),

and, together with the finiteness of d.(H,G), cf. Remark 3.5(c), the assertion of the theorem
follows. O

An obvious question now is to what extent the minimal depth dr(H,G) of a group algebra
extension RH C RG depends on the ring R. For instance, given a unitary subring R’ of R,
how are dr(H,G) and dgr/(H,G) related? Proposition 4.4 below gives answers to some of
these questions.

For the reader’s convenience we recall the following notions.

Definition 4.2. Let S be an associative, unitary R-algebra.
(a) R is called semilocal if R has only finitely many maximal ideals.
(b) Suppose that S and R satisfy the following condition: M’ — M — M" is an exact

sequence of left R-modules if and only if S @ g M’ — S ®@gr M — S ®r M" is an exact
sequence of left S-modules. Then S is called faithfully flat over R.

Remark 4.3. Let S # 0 be a commutative R-algebra. Suppose that M and N are left
RG-modules. If M | N as RG-modules then S ®g M | S ®rg N as SG-modules. In the
case that R and S are noetherian, R is semilocal, S is faithfully flat over R, and M and N
are finitely generated RG-modules, the converse is also true. This generalized version of the
Deuring-Noether Theorem can be found in [7, Prop. 2.5.8|.
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Proposition 4.4. (a) If S # 0 is a commutative R-algebra then ds(H,G) < dr(H,G). In
particular, dr(H,G) < dz(H,G) for every commutative ring R # 0. If, moreover, R and S are
noetherian, S is faithfully flat over R, and R is semilocal, then we have dr(H,G) = ds(H, G).

(b) Let p be a prime, and let (K,O,F) be a p-modular system. That is, O is a complete
discrete valuation ring with quotient field K of characteristic 0, with mazimal ideal (1), and
with residue field F'= O/(m) of characteristic p. Then

Ak (H,G) < do(H,G) = dp(H,G) < do(H, G).

Proof. (a) Suppose that S # 0 is a commutative R-algebra, and let d := dr(H,G). We
consider the case that d = 2¢ + 1, for some ¢ > 0, first. Then there is some m € N such that

RO (H,G) = T;, (RH,RG) | m-T;(RH,RG) = m - RO;(H,G)
as (RH, RH)-bimodules. But then we also get
i11(SH, SG) = 56;,,(H,G) = S @ RO (H,G) | m- (S @r ROy, (H,G))
~ m - (SOL(H,G)) = m - T/(SH, SG)
as (SH, SH)-bimodules. Thus, SH has depth d in SG. In the case that d = 2i for some i > 1,

replacing ©}(H, G) by ©}(H,G) and ©]_,(H,G) by O}, ,(H,G), we similarly deduce that SH
has depth d in SG. So, in any case, ds(H,G) < d =dr(H,G).

In the case that R and S are noetherian rings, with R semilocal and S faithfully flat over R,
we also get dr(H,G) < dgs(H,G), by [7, Prop. 2.5.8]. Note that here we use the fact that, for
any i > 1, the permutation R[G x GJ-module T;(H, G) is finitely generated over R.

(b) Now, consider a p-modular system (K, O, F'). Then we have unitary ring homomorphisms
O — K and O — O/(w) = F turning both K and F into commutative, associative, unitary
O-algebras. So, by part (a), we have dx(H,G) < dp(H,G) as well as dp(H,G) < do(H,G).

In order to show that dp(H,G) = do(H,G), let d := dp(H,G). If d = 2i + 1, for some i > 0,
then there exists m € N with

F@éJrl(H, G) = ﬂ/+1(FH,FG) |m-T/(FH,FG) ~m - FO.(H,G)
as (F'H, FH)-bimodules. By [10, Thm. 4.8.9], this implies

as (OH,OH)-bimodules, so that OH has also depth d in OG. If d = 2i, for some ¢ > 1, then
replacing ©;(H, G) by ©j(H,G) and O] ,(H,G) by ©},,(H,G) in the above argument, we
deduce that OH has also depth d in OG. Therefore, in any case, dp(H,G) < d = dr(H,G),
and the proof of (b) is complete. O

Remark/Definition 4.5. (a) Suppose that R is a field. In consequence of Proposition
4.4(a) above, the minimal depth of RH in RG then only depends on the characteristic of R.
Therefore, whenever p is a prime or p = 0, we from now on set d,(H,G) := dr(H, G) where
R is any field of characteristic p.

(b) Let p be a prime. By Proposition 4.4, we obtain
do(H,G) < dy(H,G) < dz(H,G) < de(H,G) .
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Let R # 0 be again an arbitrary commutative ring. Since R has a maximal ideal, there exists
a field F" which is an R-algebra. Since do(H,G) < d,(H,G), we also obtain, independently of
the characteristic of F,

do(H,G) < dp(H,G) < dp(H,G) < dz(H,G) < do(H,G).

5 Examples

Given a finite set 2, we denote the symmetric and alternating group on Q by &(£2) and
A(Q), respectively. In the case that Q = {1,...,n} for some n € N, we set &,, := &(2) and
A, = A(Q).

In an appendix to [4], the second and third author determined the depths of the ring extensions
C6,, C CS,41 and CA, C CA,,4q. By [4, Prop. A.2, Prop. A.5], we know that, for n > 2,
we have do(S,,, Spy1) = de(Sn, Gpt1) = 2n — 1, and for n > 3, we have do(y,, Apy1) =
de(An, Ant1) = 2(n—[+/n])+1. Moreover, note that we clearly have dy(S1,S2) = dp(1,82) =
1=2-1-1, and do(ng,ng) = do(l,mg) =1=2(2- (\/i-l) + 1.

In the following, we will determine d.(&,,S,+1) and d.(2A,,An+1). We will see that, in
general, dc(y,, Ant1) > do(An, Ant1), whereas de(Sy, Gpi1) = do(Sp,y Spir).

It should be emphasized here that in [4] the depth of an extension of finite-dimensional,
semisimple algebras over an algebraically closed field of characteristic 0 was defined via the
so-called inclusion matrix of the ring extension. In the appendix to our present paper we will
give an interpretation of the depth of an arbitrary ring extension B C A using some category
theory, thereby proving the equivalence of our notion of depth and that used in [4] in the case
where A and B are finite-dimensional semisimple algebras over an algebraically closed field.

In Subsection 5.B we will then address the following question: given any ring extensions
C C B and B C A, can the minimal depth d(C, A) be expressed in terms of the minimal
depths d(C, B) and d(B, A)? We will see that this is, in general, not the case, even if the rings
in question are group algebras.

5.A The Symmetric and Alternating Groups

First we determine the minimal combinatorial depth of &, in &, 1.

Proposition 5.1. For n > 1 and any commutative ring R # 0 one has de(Sp, Spi1) =
dR(Gn,6n+1) =2n — 1.

Proof. Suppose that xi,...,z, € G, are such that the groups &}',..., &% are mutually
distinct. Then their intersection &' N--- N &~ fixes n points of {1,...,n+ 1} and therefore

SI N NG =1< Z(Spy1).

This implies that 6* < n. Moreover, it is obvious that d, = n. Thus, by Theorem 3.11(b), we
have 0, = 6 = n. Now Theorem 3.11(c) implies d.(&,,,&p+1) = 2n — 1.

On the other hand, by [4, Prop. A.2], we already know that do(H,G) = 2n — 1. By Re-
mark 4.5(b), we have do(H,G) < dr(H,G) < d.(H,G) for any commutative ring R # 0.
Thus, do(H,G) = dr(H,G) = 2n — 1, completing the proof of the proposition. O
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Next, we determine the minimal combinatorial depth of 2, in 20,4 1.
Proposition 5.2. For n > 2, one has de(Ay,, A1) = 2n — 3.

Proof. In the case that n = 2, we deduce from Theorem 3.12(a) that d¢(Uy,,™An+1) = 1.
So we may suppose that n > 3. Note that the core of 2, in 20,41 is trivial. Therefore, by
Theorem 3.11(c), it suffices to show that §, (A, Ap+1) = 6 (A, A1) = n — 1. So suppose
that x1,...,2p,—1 € RA,41 are such that Qlfll,...,QlfL”’l are mutually distinct. Then their
intersection A% N ---NA""" has n — 1 fixed points on {1,...,n+1}. That is, there are some
wi,wy € {1,...,n+ 1} with

Qlﬁl n--- ﬂQlﬁ"*l = Ql({wl,wg}) =1.

On the other hand, the intersection of n — 2 conjugates of 2, in 2, has at most n — 2 fixed

points on {1,...,n 4+ 1}. Therefore, this intersection is isomorphic to 2, for some m > 3,
which is not trivial. This shows that 0,(24,,,+1) = n —1 = 0*(2A,,,A,+1) and the proof is
complete. O

Remark 5.3. As already indicated at the beginning of this section, the previous proposition
and [4, Prop. A.5| show that, for n > 5, we get

do(Rp, Apy1) = 2(n — (\/E—D +1<2n -3 =dc(Un,Ant1),

in contrast to the case of the symmetric groups examined in Proposition 5.1. Moreover, by
Remark 4.5(b), for every n € N and every prime p, we have

dO(Q[nannqu) S dp(mnamnqtl) S dC(an’Q['TL+1)‘

At the moment, we do not know the precise value of dp(, Apn41)-

5.B Wreath Products

Suppose that C' C B and B C A are arbitrary ring extensions. Moreover, let K < H < G be
groups. We want to investigate the following question:

Question 5.4. (a) Can one express or bound d(C, A) in terms of d(C, B) and d(B, A)?

(b) Can one express or bound d.(K,G) in terms of d.(K, H) and d.(H,G)?

Example 5.5. As mentioned earlier, we will show that this is, in general, not the case.
To this end, we fix the following notation, for the remainder of this subsection: let p be a
prime, let C, = ((1,...,p)) be a cyclic group of order p, and let G := C3 ! C,, be the wreath
product of Cy and C),. As usual, we may identify G with the subgroup ((1,2),(1,3,5,...,2p—
1)(2,4,6,...,2p)) of Ggp. The base group of G is isomorphic to a direct product of p copies
of Cy, and will be denoted by H. That is, H = ((1,2),(3,4),...,(2p — 1,2p)). Moreover, we

denote by K the subgroup of H generated by the transpositions (1,2), (3,4),...,(2p—3,2p—2).
Thus Cq(H) = H = Cy(K), and H < G, so that, by Theorem 3.12(a) and (b), we get

de(K,H) =1 and d.(H,G)=2.

Furthermore, [1, Thm. 1.2] and |2, Thm. 1.8] imply do(K, H) = 1 and do(H,G) = 2. Thus,
for any commutative ring R # 0, we have

dp(K,H) =1 and dp(H,G)=2,
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by Remark 4.5(b). In order to determine d.(K,G) we use Theorem 3.11(c). First note that
the core of K in G is trivial. Moreover, note that K has precisely p conjugate subgroups in
G and that the intersection of any p — 1, mutually distinct, such conjugates is a subgroup of
order 2. Thus, d, = §* = p, and by Theorem 3.11(b) we obtain §, = . Now Theorem 3.11(c)
implies that

d.(K,G)=2p—1.

Finally, we want to determine do(K,G). For this, we recall what the ordinary irreducible
characters of G, H, and K look like. Given an ordinary irreducible character ¢ of H, we can
write ¢ = 11 X --- x 1, where, for i = 1,...,p, the character 1); is an irreducible character
of Cs. Thus 1); is either the trivial or the sign character. Similarly, an irreducible character
n of K is of the form n = n; x --- x n,_1 where 7; is either the trivial character or the sign
character of Cs, for j =1,...,p— 1.

Suppose that ¢ =11 x --- x 1), is an irreducible character of H and that g € G with g = oh,
for some h € H and o € ((1,...,p)). Then

ngz) = ¢a*1(1) X X @Z)a*l(p)

is again an irreducible character of H, and we obtain an action of G on the set Irr(H) of
irreducible characters of H. A character ¢ € Irr(H) is fixed under this G-action if and only if
11 = ... =1, in which case 1) extends to an irreducible character of G. More precisely, there
are p distinct irreducible characters of G which extend . Otherwise the inertial group of
in G equals H, and v induces irreducibly to a character of G. Furthermore, we then have
nd% (y) = Ind% (%)), for any g € G.

Lastly, note that an irreducible character 1) = 1)1 X --- x 1), of H restricts to the irreducible
character i x --- x ¢,_1 of K.

For convenience, we will identify a character ¢ = 11 x --- X 9, € Irr(H) with the sequence
(i1,...,1p) where, for k =1,...,p, we have i, = 1 if 1, is the trivial character, and i, = —1
if ¢y, is the sign character. We will use an analogous notation for the irreducible characters of
K.

Proposition 5.6. With the notation as in Example 5.5, for any commutative ring R # 0, we
have dr(K,G) = 2p — 1.

Proof. There are precisely p conjugates of K in G; each of these is generated by p — 1 of
the transpositions (1,2),(3,4),...,(2p — 1,2p). The intersection of these groups is the trivial
group. Therefore, dyo(K,G) < 2p—1, by [4, Thm. 6.9]. In order to show that dy(K,G) = 2p—1
we consider the bipartite graph I with vertices

VY =Irr(G) ULrr(K)

and edges
€ ={{x,n} | x € Ir(G), n € Irr(K), (Res§(x),m) # O}

This is a connected graph. Suppose that n = (i1,...,9p—1) € Irr(K) and o' = (j1,...,Jp—1) €
Irr(K) are such that (', Res%(Ind%(n))) # 0. That is, in " there is a path of length 2 from
n to n’. We claim that

{l<k<p—1lj=—1}<{l<k<p—1]i=—1}/+1. (1)
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If iy = ... =ip—1 = —1 then this is clearly true. If iy = ... = i,y = 1 then Ind%(n) =
(1,...,1) +(1,...,1,—1). Moreover, Res%(Ind%((1,...,1))) = pn, and

Res& (Ind%((1,...,1,=1)) = (1,...,1,=1) +(1,...,1,=1,1) + - -+ (=1,1,...,1).

Thus {1 <k<p—1|jr=—-1}<1=H{1<k<p-—1Ji=-1}+1.
We may now suppose that (1,...,1) #n# (—1,...,—1). Then we have

ndf(n) = (i1, ip_1,1) + (i1, ... ip_1,—1).

Let ¢ = (l1,...,1,) € Irr(H) be such that (Rest(¢),7') # 0 # (1, Res$(Ind% (n))). TIf
(1, ResG (Ind% ((in, . - . ,ip-1,1)))) #0then {1 <k <p|lh=—-1}={1<k<p—1]i=
—1}|, and if (¢, Res§(Ind% ((i1, ... ,ip-1,—1)))) # 0 then [{1 <k <p |l = -1} = [{1 <
k<p—1Ji=—-1}+1. Since o' = (I1,...,l,—1), this implies (11).

As is easily seen, there is a path of length 2p — 2 from (1,...,1) to (=1,...,—1) in I". The
intermediate vertices belonging to Irr(K') are those labelled by the characters (1,...,1,—1),
(1,...,1,-1,-1),...,(1,—=1,...,—1). On the other hand, by the inequality (11), there cannot
be a path of length less than 2p — 2 from (1,...,1) to (—1,...,—1). In consequence of [4,
Thm. 3.13] we obtain do(K,G) > 2p — 1. Now, since also d.(K,G) = 2p — 1, Remark 4.5(a)
implies do(K,G) = 2p — 1. Finally, Remark 4.5(b) implies that dr(K,G) = 2p — 1 for every
commutative ring R # 0. O

Remark 5.7. Proposition 5.6 above and the considerations in Example 5.5 give negative
answers to both parts of Question 5.4.

A Appendix — Some Category Theory

Let B C A be any ring extension. In the case that A and B are group algebras, in [1, Thm.
1.2| characterizations of B having depth 2 in A were given in terms of induction and restriction
functors. We will now prove an analogue for arbitrary ring extensions B C A of arbitrary
finite depth d > 1. This will then facilitate the proofs of Theorem A.8 and Theorem A.9
below which show, in particular, that our notion of depth and the notion of depth used in [4]
are equivalent in the case where A and B are finite-dimensional semisimple algebras over an
algebraically closed field.

Remark A.1. (a) Suppose that C and D are abelian categories, and let ® : C — D and
¥ : C — D be functors. Then we obtain a functor ® & ¥ : C — D which is defined in the
obvious way. Moreover, for any n € N, we denote the functor ;" ; ® by n®.

If there are natural transformations @ : ® — W and v : ¥ — ® with 1) 0 ¢ = idg then we
write & | .

(b) For any ring A, we denote the category of left A-modules by A-Mod, and we denote the
category of right A-modules by Mod-A.

(c) Let B C A be any ring extension, and let ¢ > 1. Recall that we have defined the (A, A)-
bimodule T;(B, A) as the i-fold tensor product of A over B. Moreover, as before, we have the
(A, B)-bimodule T} (B, A), the (B, A)-bimodule T}(B, A), and the (B, B)-bimodule T}(B, A)
all of which are obtained from T;(B, A) via appropriate restrictions. We also have
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T!(B,A) ®p — = (Ress Ind

.

[ ]
=

)

A

B
TNB,A) 4 — = (Res Ind3)"~! Res? as functors from A-Mod to B-Mod,
T (B,A)®p — = (IndA ResA)~!Ind% as functors from B-Mod to A-Mod,
e —®pB TZ{(B’ A)

( )
e —®pTHB,A) = (Inda Res3)" ' Ind4 as functors from Mod-B to Mod-A,
o —@aTi(B,A)=(

Proposition A.2. Let B C A be a ring extension, and let i € N. Then the following are
equivalent:
(i) B has depth 2i + 1 in A.

(ii) There is some m € N such that (ResyInda)™! | m(Resf Ind3)" as functors from
B-Mod to B-Mod.

(ii") There is some m € N such that (ResInda)™! | m(RespInd2)! as functors from
Mod-B to Mod-B.

Resg Ind4)"~! Resy as functors from Mod-A to Mod-B.

Proof. We verify the equivalence of (i) and (ii). The equivalence of (i) and (ii’) is proved
analogously. Suppose that B has depth 2 + 1 in A so that there is some m € N with

T/,,(B,A) | mT{(B,A) as (B, B)-bimodules. Hence, there are (B, B)-bimodule homomor-
phisms

2 E/+1(B7A) — mnl(Ba A)7 and w : m]jl/(BVA) — E/+1(B7 A)
with ¢ o p = idT/H( B,A)- Then ¢ and ¢ induce, for any left B-module N, left B-module
homomorphisms
on + [(Resi Indg) ™ [(N) = T,y (B, A) ® N — (mT}(B, A)) @ N = [m(Res Indjz)'](N),
Y-« [m(Resg Ind)'|(N) 2 (mT{(B, A)) ©p N — T/ (B, A) ®p N = [(Res Indjz)""'](N)
such that ¢ o N = id|geea uanyityvy- In fact, ¢ = (pn) andiqb := (¢n) are natural
transformations between functors from B-Mod to B-Mod with ¢ o ¢ = id(ReSg Ind A )i+1-
Hence we get ‘ ‘
(Res‘a Ind2)™*! | m(Ress Ind3)?
as functors from B-Mod to B-Mod, proving (ii).
Assuming (ii), we have natural transformations @ := (¢x) and ¢ := (¢ ) between (Ress Ind7)"*!
and m(Resy Ind4)?, as functors from B-Mod to B-Mod, such that 1) o ¢ = 1d(Res4 Tndd)i+t-
Then
¢p: Ti;1(B,A) ®p B — (mT](B, A)) ®p B,
¥p : (mT{(B,A)) ®p B — Tj,,(B,A) ®p B
are left B-module homomorphisms with ¥p o pp = 1dT/+1( B,A)- Forb € B, let up : B —
B, V' — b'b be right multiplication with b. This is of course a morphism in B-Mod, and we
thus get a commutative diagram
T/.,(B,A)®p B % mT/(B,A) ®p B
lid®u, lid®u,
T/..(B,A)®p B % mT/(B,A)®p B.
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That is, for any = € Tj, (B, A) and any b,b’ € B, we have

e((z@V)b) = pp(z @ V') = pp((id @ w)(z ®V)) = (id ® m)(ep(z @ V)
= op(z@b)b.

Therefore, ¢p is in fact a (B, B)-bimodule homomorphism. Similarly, we deduce that also g
is a (B, B)-bimodule homomorphism. Thus

i/—l—l(B’A) = i/—l—l(Ba A) ®@p B | mTz,(B’A) ®p B = mTz,(B’A)

as (B, B)-bimodules. This proves (i), and the proof of the proposition is complete. O

The next proposition gives a category-theoretic characterization of even depth. The proof is
very similar to that of Proposition A.2 above, and we therefore omit it here.

Proposition A.3. Let B C A be a ring extension, and let i € N. Then the following are
equivalent:

(i) B has left (respectively right) depth 2i in A.

(i) There is some m € N such that (Res Ind3)! Ress | m(Ress Ind%)" ! Res?s as functors
from A-Mod to B-Mod (respectively, from Mod-A to Mod-B).

(ii’) There is some m € N such that (Ind% Res%)? Inda | m(Inds Res#)* ' Ind4 as functors
from Mod-B to Mod-A (respectively, from B-Mod to A-Mod).

Remark A.4. Now suppose that A7 and A, are finite-dimensional semisimple algebras over an
algebraically closed field K. Let Dy,..., D, be representatives for the isomorphism classes of
simple left Aj-modules. Denote the category of finitely generated left A;-modules by A;-mod,
and suppose further that

®: A;-mod — Ay-Mod and V¥ : A;-mod — Ay-Mod

are K-linear functors such that, for each i € {1,...,r}, there are homomorphisms ¢; €
I‘IOIHA2 ((I)(DZ), \I’(Dl)) and ¢z S HOInAQ(\II(Di), (I)(DZ)) with T;Z)z 0 Y; = ldé(DZ)

(a) We define C" to be the full subcategory of A;-mod with objects Dy, ..., D,. Moreover,
we denote by ® and ¥’ the restrictions of ® and W, respectively, to C. We claim that

¢ = (¢i)i=1,.r and ¢’ := (¢;)i=1,., are natural transformations between ®" and ¥’ such

that ¢’ o ¢’ = idgs. To show this, let ¢,j € {1,...,r}, and let f € Homu, (D;, D;). We need
to verify that the following diagrams commute:

o'(D;) Hw(Dy) V(D) B (D)
A N A 0 Lo ()
®'(D;) 3 (D). (D) U (D).

If ¢ # j then f = 0, by Schur’s Lemma. Thus, in this case, we get ®'(f) = ®(f) = 0 as well as
U/(f) = ¥(f) =0, and there is nothing to prove. In the case that i = j, by Schur’s Lemma
again, there is some A € K such that f = Xidp,. We therefore have

V' (f)op; =U(f)op; = (A¥(idp,)) o p; = (Nidy(p,)) © i = Api = @; 0 (Midg(p,))
= i 0 ®(f) = pi 0 @'(f).
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This shows that ¢’ is a natural transformation. Similarly, we deduce that also 1)’ is a natural
transformation, and we obviously have ¢’ o ¢’ = idg-.

(b) Next we define C” to be the full subcategory of A;-mod whose objects are precisely the
left A;-modules belonging to the following set:

U U uwe---ebyl

52041, is€{L 0y}

The restrictions of the functors ® and W, respectively, to C” will be denoted by ®” and
U” respectively. Then the natural transformations ¢’ and ¢’ constructed in part (a) can
be extended to natural transformations ¢” : ®” — ¥” and ¢” : ¥/ — ®” such that
" o " =idgr. To see this, let M := D;, & --- @ D;, be an object in C". For k € {1,...,s},
let 7, : M — D;, and ¢, : D;, — M be the corresponding projection and injection,
respectively. We define

OM = Piy,is 1= D V(tk) 0 @iy, 0 B(my) : (M) — U(M),
k=1

and we set ¢ := (oar)pecr. Similarly, we define ¢y : W(M) — ®(M) and " := (Yar) precr -
The straightforward verification that ¢” and 9" are natural transformations and that ¢” op” =
idg~ is left to the reader.

(c) Lastly, we consider a fixed finitely generated left Aj-module Z. We want to show that there
are left As-module homomorphisms ¢z : ®(Z) — ¥(Z) and ¢z : ¥(Z) — ®(Z) such that
Yz 0 ¢z =idg(z) and such that, for every f € Homy, (Z, Z), we have ¥(f) oz = pz o ®(f)
and ®(f) oz =1z o U(f). In the case that Z is an object in the category C” defined above,
this is true, as we have shown in (b).

So we may suppose that Z is not in C”, and we define C"”’ to be the full subcategory of A;-mod
such that any object in C"” is either equal to Z or is already an object in C”. We denote the
restrictions to C”’ of ® and W, respectively, by ®” and ¥, respectively. We show that we can
extend the natural transformations ¢” and ¢” to natural transformations " : ®"” — ©"”
and ¢ : " — ®" such that ¢ o ¢/ = idg. For this, let M be an object in C” such that
Z is Aj-isomorphic to M, and we fix an Aj-isomorphism h : Z — M. Moreover, we set

07 =U(h) oy o®(h), and vy :=®(h) oy o U(h).

We leave the straightforward verification that ¢ := (¢x)xecr and " := (¢¥x)xecn have
the desired properties to the reader.

Specializing Z := A;, we observe that ®(A;) becomes an (Az, A;)-bimodule in the following
way: for each a € Ay, let pug : Ay — A1, b — ba be right multiplication with a. This is a
left Aj-module homomorphism, and for a,a’ € Ay we have pg 0 iy = figrq. For z € ®(Aq)
and a € Ay, we now define z-a := (®(uq))(x). It is easily checked that this defines a right A;-
module structure on ®(A;) and turns ®(A;) into an (Ag, A1)-bimodule. Analogously, ¥(A;)
carries an (Ag, Ay )-bimodule structure. Moreover, from this we now deduce that ¢ 4, and ¥4,
are in fact homomorphisms of (Az, A1)-bimodules with ¥4, 0 94, = idg(a,). To summarize,
we have proved the following;:
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Lemma A.5. Let A; and As be finite-dimensional semisimple algebras over an algebraically

closed field K. Let further
®: A;-mod — As-Mod and VY : A;-mod — Ay-Mod

be K-linear functors such that, for each simple left Ai-module D, there are some pp €
Hom 4, (®(D), ¥(D)) and some 1p € Homa,(¥(D), (D)) with Yypopp = idgp). Then there
are (Ag, Ay)-bimodule homomorphims @4, : ®(A1) — Y(A1) and Y4, : V(A1) — P(A4y)
with Y, 0 pa, = idg(a,). In particular, ®(Ay) | (A1), as (Az, Ar)-bimodules.

Remark A.6. Again let K be an algebraically closed field, and let B C A be a ring extension
of finite-dimensional semisimple K-algebras. Let further Irr(A) = {x1,...,x,} and Irr(B) =
{m,...,ns} be the sets of irreducible characters of A and B, respectively. Then we define an
(s x r)-matrix M = (my;) with non-negative integer entries as follows: for k = 1,...,s and
[l=1,...,7, we set

My = (g, Resg(x1)) = (Ind3 (), x)-

The equality follows from Frobenius Reciprocity. The matrix M is called the inclusion matriz
of the ring extension B C A. Then, for i > 1, we define, inductively, M? := M2~ MT,
and M2?*! .= M? M. In accordance with [4], we say that M has depth d > 2 if there is
some positive integer ¢ such that M9+t < gM?=1. Tt is shown in [4] that M has always finite
minimal depth.

For i > 1, we can express the entries in M? in terms of iterated restrictions and inductions of
characters: for u,v = 1,...,s, the entry in position (u,v) in M? is

T

D (Ind (nu), xe) (Ind i (n0), x¢) = (Ind (), Ind (1)) = (Res (Indzz (), mo)-
t=1

Fork=1,...,sand [ =1,...,7r, the entry in position (k,1) in M?3 is

> (MP)My =Y (Resg Indg (), ) (Ind 3 (), x1)
t=1 t=1
= "(Resi Ind (i), me) (mi, Res(x1))
t=1

= (Resp Indg (1), Res3 (x1))
= (Indg Res’g Ind‘é (nk), x1) = (M, Res’g Ind‘é Resg (x1))-

In general, we have

Lemma A.7. Retaining the notation from Remark A.6, let i > 1. Then, for k,u,v €
{1,...,8} and 1 € {1,...,r}, the (u,v)-entry in M?* equals

<[(Res§ Indg)i](nu)’ M) = (T [(Resg Indé)i](m)%

and the (k,1)-entry in M>*T1 equals

([(Ind Resg)" Ind 3] (i), x1) = (k. [(Resz Ind3)’ Resg](x1))-
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Proof. We argue with induction on i. By Remark A.6, we know that the assertion is true
for i = 1. Thus let now ¢ > 2. Let further k,u,v € {1,...,s} and [ € {1,...,r}. Then, by
induction, we get

T T

(MP )iy =D (MP (M T )y = Y ([(Indfs Resg)'™" Ind3](mu), xe) (e, Indiz (o)

t=1 t=1

([(Ind Res)"™ " Indj] (), Ind3 ()
([Resf3 (Indjs Res)"™" Indj] (), )
([

(Resg Indg)i](nu)7 M) = (Tu [(Resg Indg)i](nv»a

and from this we then deduce

S S

(M) =D (M) My = ([(Res Ind )} (m), me) (Ind 33 (), xa)

t=1 t=1
([(Resi Indf;)'] (k). Ress (xa)

([Ind (Res3 Ind3)"] (), x1)
([(Ind Res)" Ind 3] (ne), x1) = (1 [(Resg Indg)’ Resg](x1))-

This proves the lemma. O

Theorem A.8. Let B C A be a ring extension of finite-dimensional semisimple algebras over
an algebraically closed field K. Moreover, let i > 1. Then the following are equivalent:

(i) B has depth 2i + 1 in A.
(ii) There is some m € N such that, for every simple left B-module D, we have

[(Resf; Indg3)™*!](D) | m[(Res Indj)")(D).

(ii’) There is some m € N such that, for every simple right B-module D, we have
[(Res Ind)™'](D) | m[(Res Indg)"](D).

(iii) The inclusion matriz of B C A has depth 2i + 1.

Proof. Assertions (ii), (ii’) and (iii) are equivalent, by Remark A.6 and Lemma A.7. More-
over, assertion (i) implies assertion (ii), by Proposition A.2. It remains to show that (ii)
implies (i). For this, we apply Lemma A.5, with Ay = Ay = B, ® =T, (B, A) ®p —, and
U = mT;(B,A) ®p —. Hence T (B, A) | mTj(B,A), and B has depth 2i + 1 in A, as
claimed. O

The next theorem deals with the case of even depth. Its proof is analogous to that of Theorem
A.8 just given above. We thus leave it to the reader.

Theorem A.9. Let B C A be a ring extension of finite-dimensional semisimple algebras over
an algebraically closed field K. Moreover, let i > 1. Then the following are equivalent:

(i) B has left depth 2i in A.
(i’) B has right depth 2i in A.
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(i

i) There is some m € N such that, for every simple left A-module D, we have

(i

") There is some m € N such that, for every simple right A-module D, we have

[(Resa Ind4)! Resa](D) | m[(Ress Ind4) ! Res3](D).

[(Resf; Ind)" Res](D) | m|(Resi; Indg)"™ ' Res] (D).

(iii) The inclusion matriz of B C A has depth 2i.
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