
On the Depth of Subgroups and Group Algebra ExtensionsRobert Boltje, Susanne Danz, and Burkhard KülshammerAbstra
tWe investigate notions of depth for in
lusions of rings B ⊆ A, in parti
ular for groupalgebra extensions RH ⊆ RG for �nite groups H ≤ G and a non-zero 
ommutative ring
R. A group-theoreti
 (or 
ombinatorial) notion of depth for H in G is de�ned and usedto show that RH ⊆ RG has always �nite depth. We 
ompare the depths of H ≤ G and
RH ⊆ RG, and investigate how the depth varies with R.1 Introdu
tion and MotivationGiven an asso
iative, unitary ring A and a subring B ⊆ A with 1A = 1B , we 
all B ⊆ Aa ring extension. We set T1(B,A) := A whi
h is an (A,A)-bimodule via left and rightmultipli
ation with elements in A. Moreover, for i ≥ 1, we de�ne, indu
tively, an (A,A)-bimodule Ti+1(B,A) := A ⊗B Ti(B,A). Via restri
tion, we may view Ti(B,A) as (B,A)-bimodule and as (A,B)-bimodule, respe
tively. We will denote these restri
tions by T l

i (B,A)and T r
i (B,A), respe
tively. Furthermore, for i ≥ 1, we denote Ti(B,A), viewed as (B,B)-bimodule, by T ′

i (B,A). In addition, we de�ne T ′
0(B,A) to be the (B,B)-bimodule B itself.With this notation, the ring extension B ⊆ A is said to have left and right depth 2i + 1,for some i ≥ 0, if there is some m ∈ N with T ′
i+1(B,A) | mT ′

i (B,A), that is, T ′
i+1(B,A) isisomorphi
 to a dire
t summand of a dire
t sum of m 
opies of T ′

i (B,A). Furthermore, thering extension B ⊆ A is said to have left depth 2i (respe
tively right depth 2i), for some i ≥ 1,if there is some m ∈ N with T l
i+1(B,A) | mT l

i (B,A) (respe
tively T r
i+1(B,A) | mT r

i (B,A)).In the 
ase that B ⊆ A has both left and right depth d it is said to have depth d.Observe that if B ⊆ A has depth d then it also has depth d + 1. Therefore, we are usuallyinterested in the minimal depth d(B,A) of the ring extension B ⊆ A. That is, d(B,A) isde�ned as the least integer d ≥ 1 su
h that B ⊆ A has depth d provided su
h an integerexists; otherwise, we set d(B,A) := ∞. Similarly, we de�ne the minimal right depth dr(B,A)and the minimal left depth dl(B,A) of B in A.In this arti
le we 
on
entrate on the 
ase where A and B are group algebras. That is, givena 
ommutative ring R 6= 0, a �nite group G, and a subgroup H of G, we 
onsider the groupalgebras B := RH ⊆ RG =: A. As has been shown in [4℄, the ring extension RH ⊆ RG has�nite minimal depth provided that R is an algebrai
ally 
losed �eld of 
hara
teristi
 0. One ofthe aims of this paper is to prove that RH ⊆ RG has always �nite minimal depth, regardlessof R.In order to investigate the depth of a group algebra extension RH ⊆ RG, it will be useful tode�ne a notion of 
ombinatorial depth for the in
lusion of �nite groups H ≤ G. Denoting by
dc(H,G) the minimal 
ombinatorial depth of H in G, we show that

d(RH,RG) ≤ dc(H,G) ≤ 2|G : NG(H)| <∞,for any non-zero 
ommutative ring R. We also examine the dependen
e of d(RH,RG) on the
oe�
ient ring R, and we 
ompute the minimal ring-theoreti
 and 
ombinatorial depths in anumber of examples. 1



It would be interesting to know whether the �niteness of the minimal depth is also valid forother types of extensions. For instan
e for extensions of �nite-dimensional Hopf algebras overa �eld K, or extensions of the form
K[X1, . . . ,Xn]

G ⊆ K[X1, . . . ,Xn],where K[X1, . . . ,Xn]
G is the ring of polynomial invariants of a �nite group G. At present, wedo not have an example of a ring extension whi
h is not of �nite minimal depth, although we
ertainly expe
t that there are many su
h examples.The notion of depth relevant to this paper has its origins in the theory of von Neumannalgebras. For ba
kground information, see, for instan
e, [6℄ and [8℄. Group algebra extensionsof depth 1 and 2, respe
tively, have been studied in [2℄ and [1℄, respe
tively, and extensionsof semisimple algebras of arbitrary �nite minimal depth appeared in [4℄. A notion of depth 3for ring extensions was introdu
ed and studied in detail by L. Kadison in [9℄.From now on, all rings are supposed to be asso
iative and unitary.The present paper is organized as follows: in Se
tion 2 below, we begin by �xing the notationneeded throughout. In Se
tion 3 we then de�ne and investigate our notion of 
ombinatorialdepth of a group in
lusion. After that, in Se
tion 4, we show how the 
ombinatorial depth andthe ring-theoreti
 depth are related, thereby proving that, for any �nite groups H ≤ G andany 
ommutative ring R 6= 0, the group algebra extension RH ⊆ RG has always �nite minimaldepth. In Se
tion 5 we 
ompute the pre
ise values of the minimal 
ombinatorial depth and theminimal ring-theoreti
 depth in various examples. We 
lose with an appendix whi
h gives a
ategory-theoreti
 
hara
terization of the depth of a ring extension. Moreover, we show that,in the 
ase where B ⊆ A is a ring extension of �nite-dimensional semisimple algebras over analgebrai
ally 
losed �eld, our notion of depth is equivalent to the one introdu
ed in [4℄.A
knowledgements. The se
ond author's resear
h on this proje
t was supported through a`Marie Curie Intra-European-Fellowship' (grant PIEF-GA-2008-219543).2 Preliminaries and General NotationThroughout this arti
le, R 6= 0 denotes a 
ommutative ring, G and H denote �nite groups,and all groups appearing are supposed to be �nite.For H ≤ G, we want to examine the minimal depth d(RH,RG) of the ring extension RH ⊆

RG. We will, from now on, also write dR(H,G) rather than d(RH,RG). As mentioned inthe introdu
tion, we intend to prove that dR(H,G) is always �nite. Our proof of this resultrequires a notion of 
ombinatorial depth of the group H in the group G. In order to de�nethis notion, we will make use of a number of known fa
ts 
on
erning the theory of �nite bisetswhi
h we will now brie�y summarize. For further details, we refer the reader to [3℄.De�nition 2.1. Let G and H be arbitrary. A (G,H)-biset is a �nite set X, endowed with aleft G-a
tion and a right H-a
tion, su
h that
g · (x · h) = (g · x) · h,for g ∈ G, h ∈ H, x ∈ X. If X and Y are (G,H)-bisets and if f : X −→ Y is a map su
hthat, for any g ∈ G, h ∈ H, and x ∈ X, we have

f(g · x) = g · f(x) and f(x · h) = f(x) · h,2



then we 
all f a homomorphism of (G,H)-bisets.Remark 2.2. (a) Let M be a �nitely generated left RG-module whi
h is free over R. Re
allthat its dual module M∗ := HomR(M,R) be
omes a right RG-module with
(f · g)(m) := f(gm), for f ∈M∗, g ∈ G, m ∈M.(b) Let X be a (G,H)-biset. Then X 
an be 
onsidered both as left (G×H)-set and as right

(H ×G)-set, via
(g, h) · x := gxh−1 and x · (h, g) := g−1xh,for x ∈ X, g ∈ G, h ∈ H. In parti
ular, RX is both a left permutation R[G×H]-module anda right permutation R[H × G]-module. If, 
onversely, Y is a left (G × H)-set and if Z is aright (H ×G)-set then we 
an regard both Y and Z as (G,H)-bisets with
g · y · h := (g, h−1)y and g · z · h := z(h, g−1),for g ∈ G, h ∈ H, y ∈ Y , and z ∈ Z. In this way, we may freely identify (G,H)-bisets withleft (G×H)-sets or right (H ×G)-sets.(
) Given a (G,H)-biset X, we de�ne X◦ to be the (H,G)-biset whi
h is, as a set, equal to

X, with a
tion de�ned by
h · x◦ · g := (g−1xh−1)◦,for x ∈ X, g ∈ G, and h ∈ H. Here x◦ denotes an element x ∈ X, viewed as an element in

X◦. We 
all X◦ the opposite biset of X. In the 
ase that G = H, we 
all X symmetri
 if Xand X◦ are isomorphi
 as (G,G)-bisets.Note that, by what we have just mentioned above, X◦ now 
arries a left (H×G)-set stru
tureas well as a right (G×H)-set stru
ture, and we have
(h, g) · x◦ = hx◦g−1 = (gxh−1)◦ = (x · (h−1, g−1))◦ = ((g, h) · x)◦,
x◦ · (g, h) = h−1x◦g = (g−1xh)◦ = ((g−1, h−1) · x)◦ = (x · (h, g))◦.In parti
ular, RX◦ is both a right permutation R[G × H]-module and a left permutation

R[H ×G]-module.(e) For any subgroup U of G×H, we de�ne its dual group
U∗ := {(x, y) ∈ H ×G | (y, x) ∈ U} ≤ H ×G,and we get an isomorphism of (H,G)-bisets (G×H/U)◦ ∼= H ×G/U∗.(f) The 
oprodu
t X ⊎ Y of two (G,H)-bisets X and Y is de�ned as the disjoint union of theunderlying sets, with the obvious a
tions of G and H.(g) Generalizing the above 
on
ept, we will also identify arbitrary (RG,RH)-bimodules withleft R[G×H]-modules or with right R[H ×G]-modules.With these 
onventions, we observe the following two fa
ts. The proof of the �rst one is leftto the reader. 3



Lemma 2.3. Let X = {x1, . . . , xn} be a (G,H)-biset, and let RX be the 
orresponding leftpermutation R[G×H]-module. Let further {x∗1, . . . , x∗n} be the basis of RX∗ whi
h is dual tothe basis X of RX. Then the R-linear map
f : RX◦ −→ (RX)∗, x◦i 7−→ x∗i (i = 1, . . . , n)de�nes an isomorphism of right R[G×H]-modules, or equivalently, of (RH,RG)-bimodules.Lemma 2.4. Let X be a symmetri
 (G,G)-biset and assume that H ≤ G. Let further X land Xr, respe
tively, be the (H,G)-biset and the (G,H)-biset, respe
tively, obtained from Xby restri
tion. Then X l ∼= (Xr)◦ as (H,G)-bisets, and Xr ∼= (X l)◦ as (G,H)-bisets.Proof. For any (G,G)-biset X, we have (X◦)r = (X l)◦, as (G,H)-bisets. Thus if X is asymmetri
 (G,G)-biset then

Xr = ResG×G
G×H(X) ∼= ResG×G

G×H(X
◦) = (X◦)r = (X l)◦,as (G,H)-bisets. Analogously, we have an isomorphism X l ∼= (Xr)◦ of (H,G)-bisets.Remark/De�nition 2.5. Let G, H, K, and L be groups.(a) For any subgroup U of G and any g ∈ G, we set

gU := gUg−1 and Ug := g−1Ug,and write CoreG(U) :=
⋂
g∈G U

g for the 
ore of U in G.(b) For subgroups U of G×H and V of H ×K, we de�ne a subgroup U ∗ V of G×K as
U ∗ V := {(g, k) ∈ G×K | ∃h ∈ H : (g, h) ∈ U, (h, k) ∈ V.}Then, for any g ∈ G, any k ∈ K, and groups U ≤ G×H, V ≤ H ×K, W ≤ K × L, we have
(U ∗ V ) ∗W = U ∗ (V ∗W ), (U ∗ V )∗ = V ∗ ∗ U∗,

(g,1)(U ∗ V ) = (g,1)U ∗ V, (U ∗ V )(1,k) = U ∗ V (1,k).(
) We denote by p1 : G×H −→ G and p2 : G×H −→ H the 
anoni
al proje
tions.(d) Suppose that U ≤ H and that ϕ : U −→ G is a group monomorphism. Then we de�ne atwisted diagonal subgroup
∆ϕ(U) := {(ϕ(u), u) | u ∈ U}of G×H. In the 
ase that G = H and ϕ is indu
ed by 
onjugation with an element g belongingto some overgroup of G, we also write ∆g(U) rather than ∆ϕ(U). In parti
ular, we obtain

∆1(U) = ∆(U) := {(x, x) | x ∈ U}.(e) Given a (G,H)-biset X and an (H,K)-biset Y , the 
artesian produ
t X × Y be
omes a
(G,K)-biset in the obvious way. Moreover, we have a left H-a
tion on X × Y , de�ned by

h · (x, y) := (xh−1, hy),for x ∈ X, y ∈ Y , and h ∈ H. The H-orbit of an element (x, y) ∈ X × Y will be denoted by
[x, y], and the set of all H-orbits on X×Y will be denoted by X×H Y . Note that the (G,K)-biset stru
ture of X × Y indu
es a (G,K)-biset stru
ture of X ×H Y . Note further that if X1and X2 are (G,H)-bisets and if Y1 and Y2 are (H,K)-bisets then we have an isomorphism of
(G,K)-bisets:

(X1 ⊎X2)×H (Y1 ⊎ Y2) ∼= (X1 ×H Y1) ⊎ (X1 ×H Y2) ⊎ (X2 ×H Y1) ⊎ (X2 ×H Y2).4



Proposition 2.6 (Bou
, [3℄, Prop. 1). Let G, H, and K be groups. Let further U ≤ G×H,and let V ≤ H ×K. Then one has an isomorphism of (G,K)-bisets:
(G×H/U)×H (H ×K/V ) ∼=

⊎

p2(U)hp1(V )∈

p2(U)\H/p1(V )

G×K/U ∗(h,1) V .The assertions of the next proposition are easy 
onsequen
es of the above de�nitions. Weleave the proof to the reader.Proposition 2.7. Let G, H, K, and L be groups, let X be a (G,H)-biset, let Y be an
(H,K)-biset, and let Z be a (K,L)-biset. Then

(X ×H Y )◦ ∼= Y ◦ ×H X◦ , as (K,G)-bisets, and
(X ×H Y )×K Z ∼= X ×H (Y ×K Z) , as (G,L)-bisets.Moreover, we have an isomorphism of (RG,RK)-bimodules

f : R[X ×H Y ] −→ RX ⊗RH RY,with f([x, y]) = x⊗ y, for any x ∈ X and any y ∈ Y .Notation 2.8. Let n ≥ 1, and let G1, . . . , Gn+1 be groups. For 1 ≤ i ≤ n, let further Xi bea (Gi, Gi+1)-biset, and let xi ∈ Xi. Then we de�ne
[x1, . . . , xn] := [. . . [[x1, x2], x3], . . . , xn] ∈ X1 ×G2

X2 ×G3
· · · ×Gn Xn.In the next two se
tions we introdu
e our notion of 
ombinatorial depth of a group H inan overgroup G, and we will show how this 
ombinatorial depth of H in G is related to thering-theoreti
 depth of the group algebra extension RH ⊆ RG.3 Combinatorial Depth of Group In
lusionsThroughout this se
tion H denotes a subgroup of the �nite group G.Remark/De�nition 3.1. We de�ne Θ1(H,G) to be the (G,G)-biset G, with G a
ting onitself via left and right multipli
ation, respe
tively. Then, for i ≥ 1, we de�ne a (G,G)-biset

Θi+1(H,G) := Θi(H,G) ×H G.For i ≥ 1, we may view Θi(H,G) as an (H,H)-biset via restri
tion; this restri
tion will bedenoted by Θ′
i(H,G). In addition, we de�ne Θ′

0(H,G) as the (H,H)-biset H. Moreover, for
i ≥ 1, we write Θl

i(H,G) and Θr
i(H,G), respe
tively, for Θi(H,G) viewed as (H,G)-biset and

(G,H)-biset, respe
tively. With this notation, for any i ≥ 1,
Θr

1(H,G) ×H Θl
i(H,G)

∼= Θi+1(H,G) ∼= Θr
i(H,G) ×H Θl

1(H,G),as (G,G)-bisets.IfX is a (G,H)-biset then X and X×HH are isomorphi
 as (G,H)-bisets. Similarly, if Y is an
(H,G)-biset then H×H Y and Y are isomorphi
 as (H,G)-bisets. Moreover, G = H⊎(GrH)is a de
omposition of (H,H)-bisets. Thus, for i ≥ 1, we have de
ompositions

Θr
i+1(H,G)

∼= Θr
i(H,G) ⊎ (Θr

i(H,G) ×H (GrH)), (1)5



as (G,H)-bisets,
Θl
i+1(H,G)

∼= Θl
i(H,G) ⊎ ((GrH)×H Θl

i(H,G)), (2)as (H,G)-bisets, and
Θ′
i(H,G)

∼= Θ′
i−1(H,G) ⊎ (Θ′

i−1(H,G) ×H (GrH)), (3)as (H,H)-bisets. This yields 
hains
Θr

1(H,G) →֒ Θr
2(H,G) →֒ Θr

3(H,G) →֒ . . . (4)
Θl

1(H,G) →֒ Θl
2(H,G) →֒ Θl

3(H,G) →֒ . . . (5)
Θ′

0(H,G) →֒ Θ′
1(H,G) →֒ Θ′

2(H,G) →֒ . . . (6)of monomorphisms of (G,H)-, (H,G)-, and (H,H)-bisets, motivating the following de�nition.De�nition 3.2. (a) If there exist some i ≥ 1, somem ∈ N, and a (G,H)-biset monomorphism
Θr
i+1(H,G) →֒ m ·Θr

i(H,G) then we say that H has right (
ombinatorial) depth 2i in G. Here,
m ·Θr

i(H,G) denotes the 
oprodu
t of m 
opies of Θr
i(H,G).(b) If there exist some i ≥ 1, some m ∈ N, and an (H,G)-biset monomorphism Θl

i+1(H,G) →֒
m ·Θl

i(H,G) then we say that H has left (
ombinatorial) depth 2i in G.(
) If there exist some i ≥ 0, some m ∈ N, and an (H,H)-biset monomorphism Θ′
i+1(H,G) →֒

m ·Θ′
i(H,G) then we say that H has left and right (
ombinatorial) depth 2i+ 1 in G.If H has both left and right 
ombinatorial depth d ∈ N in G then we say that H has (
ombi-natorial) depth d in G.In a �rst step, we will show that a subgroup H of a group G has left (
ombinatorial) depth din G if and only if it has right (
ombinatorial) depth d in G.Lemma 3.3. Let i ≥ 1. Then Θi(H,G) is a symmetri
 (G,G)-biset. In parti
ular, Θr

i(H,G)
∼=

(Θl
i(H,G))

◦ as (G,H)-bisets, and Θl
i(H,G)

∼= (Θr
i(H,G))

◦ as (H,G)-bisets.Proof. We argue by indu
tion on i. Sin
e we have isomorphisms
G ∼= G×G/∆(G) = G×G/∆(G)∗ ∼= (G×G/∆(G))◦ ∼= G◦ ,of (G,G)-bisets, we 
on
lude that Θ1(H,G) is a symmetri
 (G,G)-biset. Thus, by Lemma2.4, Θl

1(H,G)
∼= (Θr

1(H,G))
◦ as (H,G)-bisets, and Θr

1(H,G)
∼= (Θl

1(H,G))
◦ as (G,H)-bisets.So we may from now on suppose that i ≥ 2. By de�nition,

Θi(H,G) ∼= Θr
i−1(H,G) ×H Θl

1(H,G)
∼= Θr

1(H,G) ×H Θl
i−1(H,G),as (G,G)-bisets. Hen
e, by Proposition 2.7 and our indu
tive hypothesis, we also dedu
e that

Θi(H,G)
◦ ∼= (Θl

1(H,G))
◦ ×H (Θr

i−1(H,G))
◦ ∼= Θr

1(H,G) ×H Θl
i−1(H,G)

∼= Θi(H,G),as (G,G)-bisets. Therefore, Θi(H,G) is a symmetri
 (G,G)-biset, and the se
ond assertionagain follows from Lemma 2.4.Lemma 3.4. Let d ∈ N. Then H has left depth d in G if and only if H has right depth d in
G. 6



Proof. Suppose that H has left depth d in G. In order to show that H has also right depth
d in G, we only need to 
onsider the 
ase where d is even. That is, d = 2i, for some i ∈ N.Then there are some m ∈ N and an (H,G)-biset monomorphism

Θl
i+1(H,G) →֒ m ·Θl

i(H,G).Using Lemma 3.3, we then also have a (G,H)-biset monomorphism
Θr
i+1(H,G)

∼= (Θl
i+1(H,G))

◦ →֒ (m ·Θl
i(H,G))

◦ ∼= m ·Θl
i(H,G)

◦ ∼= m ·Θr
i(H,G),so that H has right depth 2i in G. Analogously, one shows the 
onverse.Remark/De�nition 3.5. (a) As a 
onsequen
e of Lemma 3.4, we need not distinguish be-tween left and right depth of H in G, and may, from now on, only speak of (
ombinatorial)depth of H in G.(b) Suppose that H has depth d ≥ 1 in G. Then H has also depth d + 1 in G. For if

d = 2i for some i ≥ 1, then there are some m ≥ 1 and a (G,H)-biset monomorphism
Θr
i+1(H,G) →֒ m · Θr

i(H,G) whi
h of 
ourse restri
ts to an (H,H)-biset monomorphism
Θ′
i+1(H,G) →֒ m ·Θ′

i(H,G). If d = 2i+ 1 for some i ≥ 0, then there are some m ≥ 1 and an
(H,H)-biset monomorphism Θ′

i+1(H,G) →֒ m · Θ′
i(H,G) whi
h then gives rise to a (G,H)-biset monomorphism Θr

i+2(H,G)
∼= G×HΘ

′
i+1(H,G) →֒ m·(G×HΘ

′
i(H,G))

∼= m·Θr
i+1(H,G).(
) For i ≥ 1 we set

Ki(H,G) := Ki := {StabG×H(θ) | θ ∈ Θr
i(H,G)},and for i ≥ 0 we set

K′
i(H,G) := K′

i := {StabH×H(θ) | θ ∈ Θ′
i(H,G)} .Re
all that Θ′

i(H,G) = Θr
i(H,G) = Θi(H,G) as sets, for i ≥ 1. By (4) and (6) we obtain

K1 ⊆ K2 ⊆ K3 ⊆ · · · and K′
0 ⊆ K′

1 ⊆ K′
2 ⊆ · · · . (7)We also set

K∞(H,G) := K∞ :=
⋃

i≥1

Ki and K′
∞(H,G) := K′

∞ :=
⋃

i≥0

K′
i .Sin
e the set of point stabilizers of a G-set determines the isomorphism 
lasses of its orbits,we immediately obtain for i ≥ 1:

H has depth 2i in G if and only if Ki+1 ⊆ Ki, and (8)
H has depth 2i− 1 in G if and only if K′

i ⊆ K′
i−1. (9)Sin
e the set of subgroups of G×H is a �nite set, there exists some i ≥ 1 su
h that Ki = Ki+1.Thus, H has depth 2i in G for some i ≥ 1. This implies that there exists a smallest positiveinteger d su
h that H has depth d in G. This integer is 
alled the minimal (
ombinatorial)depth of H in G and it is denoted by dc(H,G).7



Proposition 3.6. (a) For i ≥ 1 the following are equivalent:(i) dc(H,G) ≤ 2i, i.e., H has depth 2i in G.(ii) Ki = Ki+1.(iii) Ki = K∞.(b) For i ≥ 0 the following are equivalent:(i) dc(H,G) ≤ 2i+ 1, i.e., H has depth 2i+ 1 in G.(ii) K′
i = K′

i+1.(iii) K′
i = K′

∞.Proof. We only prove part (a). The proof of part (b) is similar. The equivalen
e of (i) and(ii) follows from (7) and (8). By (7), (iii) implies (ii). Finally, Remark 3.5(b) together withthe equivalen
e of (i) and (ii) show that (ii) implies (iii).Notation 3.7. For any n ≥ 0, and any x1, . . . , xn ∈ G, we de�ne
Hx1,...,xn := H ∩Hx1 ∩Hx2 ∩ · · · ∩Hxn and
H̃x1,...,xn := H ∩Hxn ∩Hxn−1xn ∩ · · · ∩Hx1···xn .In the 
ase that n = 0, we have Hx1,...,xn := H and H̃x1,...,xn := H by 
onvention.For i ≥ 0 we set

Ui(H,G) := Ui := {Hx1,...,xi | x1, . . . , xi ∈ G} and U∞(H,G) := U∞ :=
⋃

i≥0

Ui .Note that, by 
onvention, U0 = {H}, and that Ui ⊆ Ui+1 for i ≥ 0.Lemma 3.8. (a) Let i ≥ 1 and let x1, . . . , xi ∈ G, so that [x1, . . . , xi] ∈ Θi(H,G) = G ×H

· · · ×H G. Then one has:(i) StabG×H([x1, . . . , xi]) = ∆x1···xi(H̃x2,...,xi).(ii) StabH×H([x1, . . . , xi]) = ∆x1···xi(H̃x1,...,xi).(b) One has the following expli
it des
riptions for the sets K′
i and Ki:(i) For i ≥ 1 one has Ki = {∆g(U) | g ∈ G,U ∈ Ui−1}.(ii) K′

0 = {∆h(H) | h ∈ H}.(iii) For i ≥ 1 one has K′
i = {∆g1(Hg1,...,gi) | g1, . . . , gi ∈ G}.Proof. (a) An element (g, h) ∈ G × H is 
ontained in StabG×H([x1, . . . , xi]) if and only if

[gx1, x2, . . . , xi−1, xih
−1] = [x1, . . . , xi], that is, if and only if there exist h1, . . . , hi−1 ∈ H su
hthat

gx1h
−1
1 = x1; hj−1xjh

−1
j = xj, for j = 2, . . . , i− 1; hi−1xih

−1 = xi.Thus (g, h) ∈ StabG×H([x1, . . . , xi]) if and only if
h ∈ H ∩ x−1

i Hxi ∩ x−1
i x−1

i−1Hxi−1xi ∩ . . . ∩ x−1
i · · · x−1

2 Hx2 · · · xiand g = x1 · · · xihx−1
i · · · x−1

1 , or equivalently, if (g, h) ∈ ∆x1···xi(H̃x2,...,xi). This proves (i).For (g, h) ∈ G×H, we have (g, h) ∈ StabH×H([x1, . . . , xi]) if and only if
(g, h) ∈ StabG×H([x1, . . . , xi]) = ∆x1···xi(H̃x2,...,xi)8



and g ∈ H. This is equivalent to (g, h) ∈ ∆x1···xi(H̃x2,...,xi ∩Hx1···xi) = ∆x1···xi(H̃x1,...,xi), and(ii) is proved.(b) Parts (i) and (iii) follow immediately from the equations
∆x1···xi(H̃x2,...,xi) = ∆g1(Hg2,...,gi) and ∆x1···xi(H̃x1,...,xi) = ∆g1(Hg1,...,gi) ,whenever x1, . . . , xi ∈ G and g1, . . . , gi ∈ G determine ea
h other by the equations

xi = gi , xi−1xi = gi−1 , xi−2xi−1xi = gi−2 , . . . , x1x2 · · · xi = g1 .Part (ii) follows immediately from the de�nition of K′
0.The following theorem gives expli
it 
onditions for H having depth d in G.Theorem 3.9. (a) For i ≥ 1 the following are equivalent:(i) dc(H,G) ≤ 2i, i.e., H has depth 2i in G.(ii) Ui−1 = Ui.(iii) Ui−1 = U∞.(iv) For any x1, . . . , xi ∈ G, there exist y1, . . . , yi−1 ∈ G su
h that Hx1,...,xi = Hy1,...,yi−1

.(b) One has dc(H,G) = 1 if and only if for every x ∈ G there exists some y ∈ H su
h that
xhx−1 = yhy−1 for all h ∈ H.(
) Let i > 1. The following are equivalent:(i) dc(H,G) ≤ 2i− 1, i.e., H has depth 2i− 1 in G.(ii) For any x1, . . . , xi ∈ G, there exist y1, . . . , yi−1 ∈ G su
h that Hx1,...,xi = Hy1,...,yi−1

and
x1hx

−1
1 = y1hy

−1
1 for all h ∈ Hx1,...,xi.Proof. (a) This follows immediately from Proposition 3.6(a) and Lemma 3.8(b)(i).(b) This follows immediately from Proposition 3.6(b) and Lemma 3.8(b)(ii).(
) This follows immediately from Proposition 3.6(b) and Lemma 3.8(b)(iii).Remark 3.10. Theorem 3.9 
an be interpreted as follows. The poset stru
ture of U∞ deter-mines an integer i ≥ 1 su
h that dc(H,G) ∈ {2i − 1, 2i}. The integer i is minimal su
h that

Ui−1 = U∞. More pre
isely, if U∞ = {H} then i = 1. If |U∞| > 1 let U1, . . . , Um denote themaximal elements in the poset U∞r{H} and 
hoose i minimal su
h that every element in U∞
an be expressed as the meet of i− 1 elements from {U1, . . . , Um}. In order to �nd the pre
isevalue of dc(H,G), one has to 
he
k the stronger 
ondition in Theorem 3.9(
)(ii) for this i (or3.9(b) in the 
ase that i = 1), whi
h involves also the 
onjugation maps on subgroups.The following theorem gives further bounds for the integer dc(H,G). For a �nite non-emptypartially ordered set X , we de�ne the largest integer n su
h that there exists a 
hain x1 <
· · · < xn in X as the depth of X .Theorem 3.11. Let δ denote the depth of the partially ordered set U∞, and let K := CoreG(H).Moreover, let δ∗ denote the smallest positive integer k su
h that K 
an be written as the inter-se
tion of k 
onjugates of H in G, and let δ∗ denote the smallest positive integer k su
h thatthe interse
tion of any k pairwise distin
t G-
onjugates of H is equal to K. Then one has:(a) 2δ∗ − 1 ≤ dc(H,G) ≤ 2δ.(b) δ∗ ≤ δ ≤ δ∗ ≤ |G : NG(H)|.(
) If δ∗ = δ and K ≤ Z(G) then dc(H,G) = 2δ − 1.9



Proof. (a) We �rst show that dc(H,G) ≤ 2δ, using Theorem 3.9(a)(ii). Let x1, . . . , xδ ∈ Gand set Ui := Hx1,...,xi for i = 0, . . . , δ. Then Uδ ≤ Uδ−1 ≤ · · · ≤ U1 ≤ U0 = H is a 
hain in
U∞ 
onsisting of δ+1 subgroups. Thus, there exists i ∈ {1, . . . , δ} su
h that Ui−1 = Ui. If wede�ne y1, . . . , yδ−1 ∈ G by omitting xi from x1, . . . , xδ then Hx1,...,xδ = Hy1,...,yδ−1

, as desired.Next we show that dc(H,G) ≥ 2δ∗ − 1. If δ∗ = 1 then this is trivial, as dc(H,G) ≥ 1 byde�nition. Assume that δ∗ > 1 and that dc(H,G) ≤ 2(δ∗ − 1). Then, by Theorem 3.9(a),one has Uδ∗−2 = U∞. Thus, K ∈ U∞ 
an be written as the interse
tion of some set of δ∗ − 1
G-
onjugates of H. This is a 
ontradi
tion.(b) Clearly, δ∗ ≤ |G : NG(H)|, and by (a) we also know that δ∗ ≤ δ.Next we show that δ ≤ δ∗. LetK = Uδ < Uδ−1 < · · · < U1 = H be a 
hain (of maximal length)in U∞. We will 
onstru
t, indu
tively, elements x1, . . . , xδ ∈ G su
h that, for all i = 1, . . . , δ,the groups Hx1 , . . . ,Hxi are pairwise distin
t and Ui = Hx1 ∩ · · · ∩Hxi . We start by setting
x1 := 1. Next assume that x1, . . . , xi ∈ G with the desired property are already 
onstru
tedfor 1 ≤ i < δ. Sin
e Ui+1 < Ui and Ui+1 
an be written as the interse
tion of all G-
onjugatesof H whi
h 
ontain Ui+1, there exists xi+1 ∈ G su
h that Ui+1 ≤ Ui∩Hxi+1 < Ui. This impliesthat Hxi+1 is distin
t from ea
h of the groups Hx1 , . . . ,Hxi . Moreover, the maximality of thelength of the 
hain Uδ < · · · < U1 implies that Ui+1 = Ui ∩Hxi+1 . Now, having 
onstru
ted
x1, . . . , xδ ∈ G with the desired property, we observe that the interse
tion Uδ−1 of δ − 1pairwise distin
t 
onjugates of H is stri
tly larger than K. This implies that δ∗ > δ − 1.(
) If δ∗ = δ = 1 thenH is normal in G andH = K ≤ Z(G) by assumption. So Theorem 3.9(b)then implies the result. Assume now that δ∗ = δ > 1. We will apply the 
riterion inTheorem 3.9(
). Let x1, . . . , xδ ∈ G. Set Ui := Hx1,...,xi for i = 0, . . . , δ. Then Uδ ≤ Uδ−1 ≤
· · · ≤ U1 ≤ U0 = H is a 
hain in U∞. By the de�nition of δ there exists i ∈ {1, . . . , δ}with Ui = Ui−1. If i > 1 then we 
an de�ne the sequen
e y1, . . . , yδ−1 ∈ G by omitting
xi from x1, . . . , xδ and have y1 = x1 and Hx1,...,xδ = Hy1,...,yδ−1

, as desired. Therefore, wemay assume that Uδ < Uδ−1 < · · · < U1. In this 
ase, the maximality of δ for
es U1 = Hand Uδ = K. In this 
ase we 
an de�ne y1, . . . , yδ−1 as the sequen
e x2, . . . , xδ and obtain
Hx1,...,xδ = K = Hy1,...,yδ−1

. Moreover, x1 and y1 a
t identi
ally on K, sin
e K ≤ Z(G).Hen
e dc(H,G) ≤ 2δ − 1 and, by (a), we also have 2δ − 1 = 2δ∗ − 1 ≤ dc(H,G).In [2℄ and [1℄, respe
tively, the �rst and third author established group-theoreti
 
hara
teri-zations of group algebra extensions RH ⊆ RG of depth 1 and 2, respe
tively. We 
lose thisse
tion by giving analogous interpretations of group in
lusions H ≤ G of small 
ombinatorialdepth. Re
all that a subgroup H of some group G is 
alled a trivial-interse
tion (TI) subgroupof G provided that H ∩Hg = 1 whenever g ∈ GrNG(H).Theorem 3.12. Let K := CoreG(H). One has:(a) dc(H,G) = 1 if and only if G = HCG(H).(b) dc(H,G) ≤ 2 if and only if H is normal in G.(
) If H is TI in G then dc(H,G) ≤ 3.(d) If H/K is TI in G/K then dc(H,G) ≤ 4. If, moreover, K ≤ Z(G) then dc(H,G) ∈ {1, 3}.Proof. Assertions (a)�(
) follow immediately from Theorem 3.9. To prove (d), suppose that
H/K is TI in G/K. Then U∞ = {K,H} = U1. Thus, dc(H,G) ≤ 4, by Theorem 3.11(a).Note that if H/K is TI in G/K then δ∗ = δ ∈ {1, 2}. Therefore, if additionally K ≤ Z(G),then Theorem 3.11 (
) implies dc(H,G) ∈ {1, 3}. (Note that (
) is also a 
onsequen
e of (b)and (d)). 10



Examples 3.13. (a) The following example shows that the bound dc(H,G) ≤ 2δ from The-orem 3.11(a) is not sharp, in the sense that it 
an happen that dc(H,G) ≤ 2(δ − 1).Consider the wreath produ
t G := C2 ≀ S4 of the group C2 := 〈(1, 2)〉 of order 2 with thesymmetri
 group S4 of degree 4. We may regard G as a subgroup of the symmetri
 group
S8 in the usual way. Let H := 〈(1, 2), (3, 4)〉 ≤ G. The normalizer NG(H) is isomorphi
 to
(C2 ≀ C2) × (C2 ≀ C2) so that |G : NG(H)| = 6. Thus, there are pre
isely six 
onjugates of Hin G: any su
h group is generated by two of the transpositions (1, 2), (3, 4), (5, 6), (7, 8). The
ore K := CoreG(H) is trivial, and 
an be written as the interse
tion of any four distin
t G-
onjugates of H. But the interse
tion of the three G-
onjugates 〈(1, 2), (3, 4)〉, 〈(3, 4), (5, 6)〉,
〈(3, 4), (7, 8)〉 is not trivial. Thus, δ∗ = 4. Clearly, δ∗ = 2 and δ = 3. So Theorem 3.11(a) and(b) give 3 ≤ dc(H,G) ≤ 6.Using Theorem 3.9(
), one 
an show that in fa
t dc(H,G) = 3: let 1 =: x0, x1, x2 ∈ G. If H =
Hx2 or Hx1 = Hx2 then we de�ne y1 := x1 whi
h satis�es the 
onditions in Theorem 3.9(
)(ii).Otherwise we either have Hxa 6= Hxb for any 0 ≤ a < b ≤ 2, or we have Hx2 6= H =
Hx1 6= Hx2 . So, in parti
ular, |H ∩ Hx1 ∩ Hx2 | ≤ 2. If H ∩ Hx1 ∩ Hx2 = 1 then weset y1 := (1, 5)(2, 6)(3, 7)(4, 8) whi
h again satis�es the 
onditions in Theorem 3.9(
)(ii).Suppose now that |H ∩ Hx1 ∩ Hx2 | = 2. If H 6= Hx1 then H ∩ Hx1 = H ∩ Hx1 ∩ Hx2 ,and we set y1 := x1. Otherwise we are in the 
ase where H = Hx1 , and we then have
H ∩Hx1 ∩Hx2 ∈ {〈(1, 2)〉, 〈(3, 4)〉}. We may suppose that H ∩Hx1 ∩Hx2 = 〈(3, 4)〉; the 
asewhere H ∩Hx1 ∩ Hx2 = 〈(1, 2)〉 
an be treated similarly. If x1 ∈ CG((3, 4)) then we de�ne
y1 := (1, 5)(2, 6). If x1 ∈ NG(H)rCG((3, 4)) then we must have x1(3, 4)x−1

1 = (1, 2), and weset y1 := (1, 7, 5, 3)(2, 8, 6, 4). In either 
ase, y1 satis�es both 
onditions in Theorem 3.9(
)(ii).Sin
e H is not normal in G, we thus get dc(H,G) = 3.This example also shows that the 
onverse of Theorem 3.12 (d) does not hold, in general. For
H/K ∼= H is not a TI-subgroup of G/K ∼= G.(b) Let G := 〈a, b | a8 = b2 = 1, bab−1 = a−1〉 and H := 〈a4, b〉. Then G is a dihedral groupof order 16, and H is a Klein four group. In this 
ase, the 
ore K of H in G equals the 
entre
Z(G) = 〈a4〉 of G. Moreover, H is not TI in G, but the fa
tor group H/K is TI in G/K.Thus we must have dc(H,G) = 3.(
) The following example shows that we 
annot drop the assumption CoreG(H) ≤ Z(G) inthe se
ond statement in Theorem 3.12(d). Consider G := S4, the symmetri
 group of degree4. Let further H be a Sylow 2-subgroup of G. Then the 
ore K of H in G is the normalKlein four subgroup of S4, so that K 6⊆ Z(G). Moreover, G/K ∼= S3, H/K ∼= S2, and
H/K is a TI-subgroup of G/K. By Theorem 3.12, we must have 3 ≤ dc(H,G) ≤ 4. UsingTheorem 3.9(
)(ii), we 
an dedu
e that dc(P,S4) = 4. In fa
t, if we 
hoose x1 = 1 and
x2 ∈ GrH then there exists no y1 ∈ G satisfying the 
onditions in Theorem 3.9(
)(ii).4 Depth of Group Algebra ExtensionsThroughout this se
tion G denotes a �nite group, H denotes a subgroup of G, and R denotes a
ommutative ring with R 6= 0. In the 
ourse of this se
tion we determine how the 
ombinatorialdepth of H in G is related to the depth of the ring extension RH ⊆ RG.Theorem 4.1. Let d ∈ N. The ring extension RH ⊆ RG has left depth d if and only if it hasright depth d. Moreover, we have dR(H,G) ≤ dc(H,G). In parti
ular, RH has �nite minimaldepth in RG. 11



Proof. Suppose that, for some d ∈ N, the group algebra RH has left depth d in RG. If d isodd then RH has automati
ally right depth d in RG as well. If d = 2i, for some i ≥ 1, thenthere is some m ∈ N su
h that
T l
i+1(RH,RG) | m · T l

i (RH,RG) . (10)Note that, for any j ≥ 1, the (RH,RG)-bimodule T l
j(RH,RG) is isomorphi
 to the permuta-tion bimodule RΘl

j(H,G). This follows from Proposition 2.7. So, in 
onsequen
e of Lemma2.3 and Lemma 3.3, we obtain, for any j ≥ 1, an isomorphism (Θl
j(H,G))

◦ ∼= Θr
j(H,G) of

(G,H)-bisets and thus an isomorphism
(T l
j(RH,RG))

∗ ∼= (RΘl
j(H,G))

∗ ∼= R(Θl
j(H,G))

◦ ∼= RΘr
j(H,G)

∼= T r
j (RH,RG)of (RG,RH)-bimodules. Hen
e, by (10), we also have

T r
i+1(RH,RG) | m · T r

i (RH,RG),and RH has right depth 2i = d in RG. Analogously, we dedu
e that if RH has right depth
d ∈ N in RG then RH has also left depth d in RG. In parti
ular, dlR(H,G) = drR(H,G) =
dR(H,G).Now let d := dc(H,G) be the minimal 
ombinatorial depth of H in G. In the 
ase that
d = 2i+1 for some i ≥ 0, there existm ∈ N and an (H,H)-biset monomorphism Θ′

i+1(H,G) →֒
m ·Θ′

i(H,G). From this we dedu
e that
T ′
i+1(RH,RG)

∼= RΘ′
i+1(H,G) | m ·RΘ′

i(H,G)
∼= m · T ′

i (RH,RG),as (RH,RH)-bimodules so that RH has depth 2i + 1 = d in RG. Similarly one deals withthe 
ase where d = 2i for some i ≥ 1. Therefore,
dR(H,G) ≤ d = dc(H,G),and, together with the �niteness of dc(H,G), 
f. Remark 3.5(
), the assertion of the theoremfollows.An obvious question now is to what extent the minimal depth dR(H,G) of a group algebraextension RH ⊆ RG depends on the ring R. For instan
e, given a unitary subring R′ of R,how are dR(H,G) and dR′(H,G) related? Proposition 4.4 below gives answers to some ofthese questions.For the reader's 
onvenien
e we re
all the following notions.De�nition 4.2. Let S be an asso
iative, unitary R-algebra.(a) R is 
alled semilo
al if R has only �nitely many maximal ideals.(b) Suppose that S and R satisfy the following 
ondition: M ′ −→ M −→ M ′′ is an exa
tsequen
e of left R-modules if and only if S ⊗R M

′ −→ S ⊗R M −→ S ⊗R M
′′ is an exa
tsequen
e of left S-modules. Then S is 
alled faithfully �at over R.Remark 4.3. Let S 6= 0 be a 
ommutative R-algebra. Suppose that M and N are left

RG-modules. If M | N as RG-modules then S ⊗R M | S ⊗R N as SG-modules. In the
ase that R and S are noetherian, R is semilo
al, S is faithfully �at over R, and M and Nare �nitely generated RG-modules, the 
onverse is also true. This generalized version of theDeuring-Noether Theorem 
an be found in [7, Prop. 2.5.8℄.12



Proposition 4.4. (a) If S 6= 0 is a 
ommutative R-algebra then dS(H,G) ≤ dR(H,G). Inparti
ular, dR(H,G) ≤ dZ(H,G) for every 
ommutative ring R 6= 0. If, moreover, R and S arenoetherian, S is faithfully �at over R, and R is semilo
al, then we have dR(H,G) = dS(H,G).(b) Let p be a prime, and let (K,O, F ) be a p-modular system. That is, O is a 
ompletedis
rete valuation ring with quotient �eld K of 
hara
teristi
 0, with maximal ideal (π), andwith residue �eld F = O/(π) of 
hara
teristi
 p. Then
dK(H,G) ≤ dO(H,G) = dF (H,G) ≤ dc(H,G).Proof. (a) Suppose that S 6= 0 is a 
ommutative R-algebra, and let d := dR(H,G). We
onsider the 
ase that d = 2i+ 1, for some i ≥ 0, �rst. Then there is some m ∈ N su
h that

RΘ′
i+1(H,G)

∼= T ′
i+1(RH,RG) | m · T ′

i (RH,RG)
∼= m ·RΘ′

i(H,G)as (RH,RH)-bimodules. But then we also get
T ′
i+1(SH,SG)

∼= SΘ′
i+1(H,G)

∼= S ⊗R RΘ
′
i+1(H,G) | m · (S ⊗R RΘ

′
i+1(H,G))

∼= m · (SΘ′
i(H,G))

∼= m · T ′
i (SH,SG)as (SH,SH)-bimodules. Thus, SH has depth d in SG. In the 
ase that d = 2i for some i ≥ 1,repla
ing Θ′

i(H,G) by Θr
i(H,G) and Θ′

i+1(H,G) by Θr
i+1(H,G), we similarly dedu
e that SHhas depth d in SG. So, in any 
ase, dS(H,G) ≤ d = dR(H,G).In the 
ase that R and S are noetherian rings, with R semilo
al and S faithfully �at over R,we also get dR(H,G) ≤ dS(H,G), by [7, Prop. 2.5.8℄. Note that here we use the fa
t that, forany i ≥ 1, the permutation R[G×G]-module Ti(H,G) is �nitely generated over R.(b) Now, 
onsider a p-modular system (K,O, F ). Then we have unitary ring homomorphisms

O →֒ K and O −→ O/(π) = F turning both K and F into 
ommutative, asso
iative, unitary
O-algebras. So, by part (a), we have dK(H,G) ≤ dO(H,G) as well as dF (H,G) ≤ dO(H,G).In order to show that dF (H,G) = dO(H,G), let d := dF (H,G). If d = 2i+ 1, for some i ≥ 0,then there exists m ∈ N with

FΘ′
i+1(H,G)

∼= T ′
i+1(FH,FG) | m · T ′

i (FH,FG)
∼= m · FΘ′

i(H,G)as (FH,FH)-bimodules. By [10, Thm. 4.8.9℄, this implies
T ′
i+1(OH,OG) ∼= OΘ′

i+1(H,G) | m · OΘ′
i(H,G)

∼= m · T ′
i (OH,OG)as (OH,OH)-bimodules, so that OH has also depth d in OG. If d = 2i, for some i ≥ 1, thenrepla
ing Θ′

i(H,G) by Θr
i(H,G) and Θ′

i+1(H,G) by Θr
i+1(H,G) in the above argument, wededu
e that OH has also depth d in OG. Therefore, in any 
ase, dO(H,G) ≤ d = dF (H,G),and the proof of (b) is 
omplete.Remark/De�nition 4.5. (a) Suppose that R is a �eld. In 
onsequen
e of Proposition4.4(a) above, the minimal depth of RH in RG then only depends on the 
hara
teristi
 of R.Therefore, whenever p is a prime or p = 0, we from now on set dp(H,G) := dR(H,G) where

R is any �eld of 
hara
teristi
 p.(b) Let p be a prime. By Proposition 4.4, we obtain
d0(H,G) ≤ dp(H,G) ≤ dZ(H,G) ≤ dc(H,G) .13



Let R 6= 0 be again an arbitrary 
ommutative ring. Sin
e R has a maximal ideal, there existsa �eld F whi
h is an R-algebra. Sin
e d0(H,G) ≤ dp(H,G), we also obtain, independently ofthe 
hara
teristi
 of F ,
d0(H,G) ≤ dF (H,G) ≤ dR(H,G) ≤ dZ(H,G) ≤ dc(H,G) .5 ExamplesGiven a �nite set Ω, we denote the symmetri
 and alternating group on Ω by S(Ω) and

A(Ω), respe
tively. In the 
ase that Ω = {1, . . . , n} for some n ∈ N, we set Sn := S(Ω) and
An := A(Ω).In an appendix to [4℄, the se
ond and third author determined the depths of the ring extensions
CSn ⊆ CSn+1 and CAn ⊆ CAn+1. By [4, Prop. A.2, Prop. A.5℄, we know that, for n ≥ 2,we have d0(Sn,Sn+1) = dC(Sn,Sn+1) = 2n − 1, and for n ≥ 3, we have d0(An,An+1) =
dC(An,An+1) = 2(n−⌈√n⌉)+1. Moreover, note that we 
learly have d0(S1,S2) = d0(1,S2) =
1 = 2 · 1− 1, and d0(A2,A3) = d0(1,A3) = 1 = 2(2 − ⌈

√
2⌉) + 1.In the following, we will determine dc(Sn,Sn+1) and dc(An,An+1). We will see that, ingeneral, dc(An,An+1) > d0(An,An+1), whereas dc(Sn,Sn+1) = d0(Sn,Sn+1).It should be emphasized here that in [4℄ the depth of an extension of �nite-dimensional,semisimple algebras over an algebrai
ally 
losed �eld of 
hara
teristi
 0 was de�ned via theso-
alled in
lusion matrix of the ring extension. In the appendix to our present paper we willgive an interpretation of the depth of an arbitrary ring extension B ⊆ A using some 
ategorytheory, thereby proving the equivalen
e of our notion of depth and that used in [4℄ in the 
asewhere A and B are �nite-dimensional semisimple algebras over an algebrai
ally 
losed �eld.In Subse
tion 5.B we will then address the following question: given any ring extensions

C ⊆ B and B ⊆ A, 
an the minimal depth d(C,A) be expressed in terms of the minimaldepths d(C,B) and d(B,A)? We will see that this is, in general, not the 
ase, even if the ringsin question are group algebras.5.A The Symmetri
 and Alternating GroupsFirst we determine the minimal 
ombinatorial depth of Sn in Sn+1.Proposition 5.1. For n ≥ 1 and any 
ommutative ring R 6= 0 one has dc(Sn,Sn+1) =
dR(Sn,Sn+1) = 2n− 1.Proof. Suppose that x1, . . . , xn ∈ Sn+1 are su
h that the groups Sx1

n , . . . ,S
xn
n are mutuallydistin
t. Then their interse
tion S

x1
n ∩ · · · ∩S

xn
n �xes n points of {1, . . . , n+1} and therefore

S
x1
n ∩ · · · ∩S

xn
n = 1 ≤ Z(Sn+1).This implies that δ∗ ≤ n. Moreover, it is obvious that δ∗ = n. Thus, by Theorem 3.11(b), wehave δ∗ = δ = n. Now Theorem 3.11(
) implies dc(Sn,Sn+1) = 2n− 1.On the other hand, by [4, Prop. A.2℄, we already know that d0(H,G) = 2n − 1. By Re-mark 4.5(b), we have d0(H,G) ≤ dR(H,G) ≤ dc(H,G) for any 
ommutative ring R 6= 0.Thus, d0(H,G) = dR(H,G) = 2n − 1, 
ompleting the proof of the proposition.14



Next, we determine the minimal 
ombinatorial depth of An in An+1.Proposition 5.2. For n ≥ 2, one has dc(An,An+1) = 2n− 3.Proof. In the 
ase that n = 2, we dedu
e from Theorem 3.12(a) that dc(An,An+1) = 1.So we may suppose that n ≥ 3. Note that the 
ore of An in An+1 is trivial. Therefore, byTheorem 3.11(
), it su�
es to show that δ∗(An,An+1) = δ∗(An,An+1) = n − 1. So supposethat x1, . . . , xn−1 ∈ An+1 are su
h that A
x1
n , . . . ,A

xn−1
n are mutually distin
t. Then theirinterse
tion A

x1
n ∩ · · · ∩A

xn−1
n has n− 1 �xed points on {1, . . . , n+1}. That is, there are some

ω1, ω2 ∈ {1, . . . , n+ 1} with
A
x1
n ∩ · · · ∩ A

xn−1

n = A({ω1, ω2}) = 1.On the other hand, the interse
tion of n− 2 
onjugates of An in An+1 has at most n− 2 �xedpoints on {1, . . . , n + 1}. Therefore, this interse
tion is isomorphi
 to Am for some m ≥ 3,whi
h is not trivial. This shows that δ∗(An,An+1) = n − 1 = δ∗(An,An+1) and the proof is
omplete.Remark 5.3. As already indi
ated at the beginning of this se
tion, the previous propositionand [4, Prop. A.5℄ show that, for n ≥ 5, we get
d0(An,An+1) = 2(n − ⌈

√
n⌉) + 1 < 2n− 3 = dc(An,An+1),in 
ontrast to the 
ase of the symmetri
 groups examined in Proposition 5.1. Moreover, byRemark 4.5(b), for every n ∈ N and every prime p, we have

d0(An,An+1) ≤ dp(An,An+1) ≤ dc(An,An+1).At the moment, we do not know the pre
ise value of dp(An,An+1).5.B Wreath Produ
tsSuppose that C ⊆ B and B ⊆ A are arbitrary ring extensions. Moreover, let K ≤ H ≤ G begroups. We want to investigate the following question:Question 5.4. (a) Can one express or bound d(C,A) in terms of d(C,B) and d(B,A)?(b) Can one express or bound dc(K,G) in terms of dc(K,H) and dc(H,G)?Example 5.5. As mentioned earlier, we will show that this is, in general, not the 
ase.To this end, we �x the following notation, for the remainder of this subse
tion: let p be aprime, let Cp = 〈(1, . . . , p)〉 be a 
y
li
 group of order p, and let G := C2 ≀ Cp be the wreathprodu
t of C2 and Cp. As usual, we may identify G with the subgroup 〈(1, 2), (1, 3, 5, . . . , 2p−
1)(2, 4, 6, . . . , 2p)〉 of S2p. The base group of G is isomorphi
 to a dire
t produ
t of p 
opiesof C2, and will be denoted by H. That is, H = 〈(1, 2), (3, 4), . . . , (2p − 1, 2p)〉. Moreover, wedenote byK the subgroup ofH generated by the transpositions (1, 2), (3, 4), . . . , (2p−3, 2p−2).Thus CG(H) = H = CH(K), and H EG, so that, by Theorem 3.12(a) and (b), we get

dc(K,H) = 1 and dc(H,G) = 2 .Furthermore, [1, Thm. 1.2℄ and [2, Thm. 1.8℄ imply d0(K,H) = 1 and d0(H,G) = 2. Thus,for any 
ommutative ring R 6= 0, we have
dR(K,H) = 1 and dR(H,G) = 2 ,15



by Remark 4.5(b). In order to determine dc(K,G) we use Theorem 3.11(
). First note thatthe 
ore of K in G is trivial. Moreover, note that K has pre
isely p 
onjugate subgroups in
G and that the interse
tion of any p − 1, mutually distin
t, su
h 
onjugates is a subgroup oforder 2. Thus, δ∗ = δ∗ = p, and by Theorem 3.11(b) we obtain δ∗ = δ. Now Theorem 3.11(
)implies that

dc(K,G) = 2p− 1 .Finally, we want to determine d0(K,G). For this, we re
all what the ordinary irredu
ible
hara
ters of G, H, and K look like. Given an ordinary irredu
ible 
hara
ter ψ of H, we 
anwrite ψ = ψ1 × · · · × ψp where, for i = 1, . . . , p, the 
hara
ter ψi is an irredu
ible 
hara
terof C2. Thus ψi is either the trivial or the sign 
hara
ter. Similarly, an irredu
ible 
hara
ter
η of K is of the form η = η1 × · · · × ηp−1 where ηj is either the trivial 
hara
ter or the sign
hara
ter of C2, for j = 1, . . . , p− 1.Suppose that ψ = ψ1 × · · · ×ψp is an irredu
ible 
hara
ter of H and that g ∈ G with g = σh,for some h ∈ H and σ ∈ 〈(1, . . . , p)〉. Then

gψ := ψσ−1(1) × · · · × ψσ−1(p)is again an irredu
ible 
hara
ter of H, and we obtain an a
tion of G on the set Irr(H) ofirredu
ible 
hara
ters of H. A 
hara
ter ψ ∈ Irr(H) is �xed under this G-a
tion if and only if
ψ1 = . . . = ψp in whi
h 
ase ψ extends to an irredu
ible 
hara
ter of G. More pre
isely, thereare p distin
t irredu
ible 
hara
ters of G whi
h extend ψ. Otherwise the inertial group of ψin G equals H, and ψ indu
es irredu
ibly to a 
hara
ter of G. Furthermore, we then have
IndGH(ψ) = IndGH(

gψ), for any g ∈ G.Lastly, note that an irredu
ible 
hara
ter ψ = ψ1 × · · · × ψp of H restri
ts to the irredu
ible
hara
ter ψ1 × · · · × ψp−1 of K.For 
onvenien
e, we will identify a 
hara
ter ψ = ψ1 × · · · × ψp ∈ Irr(H) with the sequen
e
(i1, . . . , ip) where, for k = 1, . . . , p, we have ik = 1 if ψk is the trivial 
hara
ter, and ik = −1if ψk is the sign 
hara
ter. We will use an analogous notation for the irredu
ible 
hara
ters of
K.Proposition 5.6. With the notation as in Example 5.5, for any 
ommutative ring R 6= 0, wehave dR(K,G) = 2p− 1.Proof. There are pre
isely p 
onjugates of K in G; ea
h of these is generated by p − 1 ofthe transpositions (1, 2), (3, 4), . . . , (2p − 1, 2p). The interse
tion of these groups is the trivialgroup. Therefore, d0(K,G) ≤ 2p−1, by [4, Thm. 6.9℄. In order to show that d0(K,G) = 2p−1we 
onsider the bipartite graph Γ with verti
es

V = Irr(G) ∪ Irr(K)and edges
E = {{χ, η} | χ ∈ Irr(G), η ∈ Irr(K), 〈ResGK(χ), η〉 6= 0}.This is a 
onne
ted graph. Suppose that η = (i1, . . . , ip−1) ∈ Irr(K) and η′ = (j1, . . . , jp−1) ∈

Irr(K) are su
h that 〈η′,ResGK(IndGK(η))〉 6= 0. That is, in Γ there is a path of length 2 from
η to η′. We 
laim that

|{1 ≤ k ≤ p− 1 | jk = −1}| ≤ |{1 ≤ k ≤ p− 1 | ik = −1}|+ 1 . (11)16



If i1 = . . . = ip−1 = −1 then this is 
learly true. If i1 = . . . = ip−1 = 1 then IndHK(η) =
(1, . . . , 1) + (1, . . . , 1,−1). Moreover, ResGK(IndGH((1, . . . , 1))) = pη, and

ResGH(Ind
G
H((1, . . . , 1,−1))) = (1, . . . , 1,−1) + (1, . . . , 1,−1, 1) + · · ·+ (−1, 1, . . . , 1).Thus |{1 ≤ k ≤ p− 1 | jk = −1}| ≤ 1 = |{1 ≤ k ≤ p− 1 | ik = −1}|+ 1.We may now suppose that (1, . . . , 1) 6= η 6= (−1, . . . ,−1). Then we have

IndHK(η) = (i1, . . . , ip−1, 1) + (i1, . . . , ip−1,−1).Let ψ = (l1, . . . , lp) ∈ Irr(H) be su
h that 〈ResHK(ψ), η′〉 6= 0 6= 〈ψ,ResGH(IndGK(η))〉. If
〈ψ,ResGH(IndGH((i1, . . . , ip−1, 1)))〉 6= 0 then |{1 ≤ k ≤ p | lk = −1}| = |{1 ≤ k ≤ p − 1 | ik =
−1}|, and if 〈ψ,ResGH(IndGH((i1, . . . , ip−1,−1)))〉 6= 0 then |{1 ≤ k ≤ p | lk = −1}| = |{1 ≤
k ≤ p− 1 | ik = −1}|+ 1. Sin
e η′ = (l1, . . . , lp−1), this implies (11).As is easily seen, there is a path of length 2p − 2 from (1, . . . , 1) to (−1, . . . ,−1) in Γ. Theintermediate verti
es belonging to Irr(K) are those labelled by the 
hara
ters (1, . . . , 1,−1),
(1, . . . , 1,−1,−1), . . . , (1,−1, . . . ,−1). On the other hand, by the inequality (11), there 
annotbe a path of length less than 2p − 2 from (1, . . . , 1) to (−1, . . . ,−1). In 
onsequen
e of [4,Thm. 3.13℄ we obtain d0(K,G) ≥ 2p − 1. Now, sin
e also dc(K,G) = 2p − 1, Remark 4.5(a)implies d0(K,G) = 2p − 1. Finally, Remark 4.5(b) implies that dR(K,G) = 2p − 1 for every
ommutative ring R 6= 0.Remark 5.7. Proposition 5.6 above and the 
onsiderations in Example 5.5 give negativeanswers to both parts of Question 5.4.A Appendix � Some Category TheoryLet B ⊆ A be any ring extension. In the 
ase that A and B are group algebras, in [1, Thm.1.2℄ 
hara
terizations of B having depth 2 in A were given in terms of indu
tion and restri
tionfun
tors. We will now prove an analogue for arbitrary ring extensions B ⊆ A of arbitrary�nite depth d > 1. This will then fa
ilitate the proofs of Theorem A.8 and Theorem A.9below whi
h show, in parti
ular, that our notion of depth and the notion of depth used in [4℄are equivalent in the 
ase where A and B are �nite-dimensional semisimple algebras over analgebrai
ally 
losed �eld.Remark A.1. (a) Suppose that C and D are abelian 
ategories, and let Φ : C −→ D and
Ψ : C −→ D be fun
tors. Then we obtain a fun
tor Φ ⊕ Ψ : C −→ D whi
h is de�ned in theobvious way. Moreover, for any n ∈ N, we denote the fun
tor ⊕n

i=1 Φ by nΦ.If there are natural transformations ϕ̄ : Φ −→ Ψ and ψ̄ : Ψ −→ Φ with ψ̄ ◦ ϕ̄ = idΦ then wewrite Φ | Ψ.(b) For any ring A, we denote the 
ategory of left A-modules by A-Mod, and we denote the
ategory of right A-modules by Mod-A.(
) Let B ⊆ A be any ring extension, and let i ≥ 1. Re
all that we have de�ned the (A,A)-bimodule Ti(B,A) as the i-fold tensor produ
t of A over B. Moreover, as before, we have the
(A,B)-bimodule T r

i (B,A), the (B,A)-bimodule T l
i (B,A), and the (B,B)-bimodule T ′

i (B,A)all of whi
h are obtained from Ti(B,A) via appropriate restri
tions. We also have17



• T ′
i (B,A)⊗B − = (ResAB IndAB)

i as fun
tors from B-Mod to B-Mod,
• T l

i (B,A)⊗A − = (ResAB IndAB)
i−1 ResAB as fun
tors from A-Mod to B-Mod,

• T r
i (B,A)⊗B − = (IndAB ResAB)

i−1 IndAB as fun
tors from B-Mod to A-Mod,
• − ⊗B T

′
i (B,A) = (ResAB IndAB)

i as fun
tors from Mod-B to Mod-B,
• − ⊗B T

l
i (B,A) = (IndAB ResAB)

i−1 IndAB as fun
tors from Mod-B to Mod-A,
• − ⊗A T

r
i (B,A) = (ResAB IndAB)

i−1 ResAB as fun
tors from Mod-A to Mod-B.Proposition A.2. Let B ⊆ A be a ring extension, and let i ∈ N. Then the following areequivalent:(i) B has depth 2i+ 1 in A.(ii) There is some m ∈ N su
h that (ResAB IndAB)
i+1 | m(ResAB IndAB)

i as fun
tors from
B-Mod to B-Mod.(ii') There is some m ∈ N su
h that (ResAB IndAB)

i+1 | m(ResAB IndAB)
i as fun
tors fromMod-B to Mod-B.Proof. We verify the equivalen
e of (i) and (ii). The equivalen
e of (i) and (ii') is provedanalogously. Suppose that B has depth 2i + 1 in A so that there is some m ∈ N with

T ′
i+1(B,A) | mT ′

i (B,A) as (B,B)-bimodules. Hen
e, there are (B,B)-bimodule homomor-phisms
ϕ : T ′

i+1(B,A) −→ mT ′
i (B,A), and ψ : mT ′

i (B,A) −→ T ′
i+1(B,A)with ψ ◦ ϕ = idT ′

i+1
(B,A). Then ϕ and ψ indu
e, for any left B-module N , left B-modulehomomorphisms

ϕN : [(ResAB IndAB)
i+1](N) ∼= T ′

i+1(B,A)⊗B N −→ (mT ′
i (B,A))⊗B N ∼= [m(ResAB IndAB)

i](N),

ψN : [m(ResAB IndAB)
i](N) ∼= (mT ′

i (B,A)) ⊗B N −→ T ′
i+1(B,A)⊗B N ∼= [(ResAB IndAB)

i+1](N)su
h that ψN ◦ ϕN = id[(ResAB IndA
B)i+1](N). In fa
t, ϕ̄ := (ϕN ) and ψ̄ := (ψN ) are naturaltransformations between fun
tors from B-Mod to B-Mod with ψ̄ ◦ ϕ̄ = id(ResAB IndA

B)i+1 .Hen
e we get
(ResAB IndAB)

i+1 | m(ResAB IndAB)
ias fun
tors from B-Mod to B-Mod, proving (ii).Assuming (ii), we have natural transformations ϕ̄ := (ϕN ) and ψ̄ := (ψN ) between (ResAB IndAB)

i+1and m(ResAB IndAB)
i, as fun
tors from B-Mod to B-Mod, su
h that ψ̄ ◦ ϕ̄ = id(ResAB IndA

B)i+1 .Then
ϕB : T ′

i+1(B,A)⊗B B −→ (mT ′
i (B,A)) ⊗B B,

ψB : (mT ′
i (B,A))⊗B B −→ T ′

i+1(B,A)⊗B Bare left B-module homomorphisms with ψB ◦ ϕB = idT ′

i+1
(B,A). For b ∈ B, let µb : B −→

B, b′ 7−→ b′b be right multipli
ation with b. This is of 
ourse a morphism in B-Mod, and wethus get a 
ommutative diagram
T ′
i+1(B,A)⊗B B

ϕB→ mT ′
i (B,A)⊗B B

↓id⊗µb ↓id⊗µb
T ′
i+1(B,A)⊗B B

ϕB→ mT ′
i (B,A)⊗B B.18



That is, for any x ∈ T ′
i+1(B,A) and any b, b′ ∈ B, we have

ϕB((x⊗ b′)b) = ϕB(x⊗ b′b) = ϕB((id ⊗ µb)(x⊗ b′)) = (id⊗ µb)(ϕB(x⊗ b′))

= ϕB(x⊗ b′)b.Therefore, ϕB is in fa
t a (B,B)-bimodule homomorphism. Similarly, we dedu
e that also ψBis a (B,B)-bimodule homomorphism. Thus
T ′
i+1(B,A)

∼= T ′
i+1(B,A)⊗B B | mT ′

i (B,A)⊗B B ∼= mT ′
i (B,A)as (B,B)-bimodules. This proves (i), and the proof of the proposition is 
omplete.The next proposition gives a 
ategory-theoreti
 
hara
terization of even depth. The proof isvery similar to that of Proposition A.2 above, and we therefore omit it here.Proposition A.3. Let B ⊆ A be a ring extension, and let i ∈ N. Then the following areequivalent:(i) B has left (respe
tively right) depth 2i in A.(ii) There is some m ∈ N su
h that (ResAB IndAB)

iResAB | m(ResAB IndAB)
i−1 ResAB as fun
torsfrom A-Mod to B-Mod (respe
tively, from Mod-A to Mod-B).(ii') There is some m ∈ N su
h that (IndAB ResAB)

i IndAB | m(IndAB ResAB)
i−1 IndAB as fun
torsfrom Mod-B to Mod-A (respe
tively, from B-Mod to A-Mod).Remark A.4. Now suppose that A1 and A2 are �nite-dimensional semisimple algebras over analgebrai
ally 
losed �eld K. Let D1, . . . ,Dr be representatives for the isomorphism 
lasses ofsimple left A1-modules. Denote the 
ategory of �nitely generated left A1-modules by A1-mod,and suppose further that

Φ : A1-mod −→ A2-Mod and Ψ : A1-mod −→ A2-Modare K-linear fun
tors su
h that, for ea
h i ∈ {1, . . . , r}, there are homomorphisms ϕi ∈
HomA2

(Φ(Di),Ψ(Di)) and ψi ∈ HomA2
(Ψ(Di),Φ(Di)) with ψi ◦ ϕi = idΦ(Di).(a) We de�ne C′ to be the full sub
ategory of A1-mod with obje
ts D1, . . . ,Dr. Moreover,we denote by Φ′ and Ψ′ the restri
tions of Φ and Ψ, respe
tively, to C. We 
laim that

ϕ′ := (ϕi)i=1,...,r and ψ′ := (ψi)i=1,...,r are natural transformations between Φ′ and Ψ′ su
hthat ψ′ ◦ ϕ′ = idΦ′ . To show this, let i, j ∈ {1, . . . , r}, and let f ∈ HomA1
(Di,Dj). We needto verify that the following diagrams 
ommute:

Φ′(Di)
ϕi→ Ψ′(Di)

↓Φ′(f) ↓Ψ′(f)

Φ′(Dj)
ϕj→ Ψ′(Dj).

,

Ψ′(Di)
ψi→ Φ′(Di)

↓Ψ′(f) ↓Φ′(f)

Ψ′(Dj)
ψj→ Φ′(Dj).If i 6= j then f = 0, by S
hur's Lemma. Thus, in this 
ase, we get Φ′(f) = Φ(f) = 0 as well as

Ψ′(f) = Ψ(f) = 0, and there is nothing to prove. In the 
ase that i = j, by S
hur's Lemmaagain, there is some λ ∈ K su
h that f = λ idDi
. We therefore have

Ψ′(f) ◦ ϕi = Ψ(f) ◦ ϕi = (λΨ(idDi
)) ◦ ϕi = (λ idΨ(Di)) ◦ ϕi = λϕi = ϕi ◦ (λ idΦ(Di))

= ϕi ◦ Φ(f) = ϕi ◦ Φ′(f). 19



This shows that ϕ′ is a natural transformation. Similarly, we dedu
e that also ψ′ is a naturaltransformation, and we obviously have ψ′ ◦ ϕ′ = idΦ′ .(b) Next we de�ne C′′ to be the full sub
ategory of A1-mod whose obje
ts are pre
isely theleft A1-modules belonging to the following set:
⋃

s≥0

⋃

i1,...,is∈{1,...,r}

{Di1 ⊕ · · · ⊕Dis}.The restri
tions of the fun
tors Φ and Ψ, respe
tively, to C′′ will be denoted by Φ′′ and
Ψ′′, respe
tively. Then the natural transformations ϕ′ and ψ′ 
onstru
ted in part (a) 
anbe extended to natural transformations ϕ′′ : Φ′′ −→ Ψ′′ and ψ′′ : Ψ′′ −→ Φ′′ su
h that
ψ′′ ◦ ϕ′′ = idΦ′′ . To see this, let M := Di1 ⊕ · · · ⊕Dis be an obje
t in C′′. For k ∈ {1, . . . , s},let πk : M −→ Dik and ιk : Dik −→ M be the 
orresponding proje
tion and inje
tion,respe
tively. We de�ne

ϕM := ϕi1,...,is :=
s∑

k=1

Ψ(ιk) ◦ ϕik ◦ Φ(πk) : Φ(M) −→ Ψ(M),and we set ϕ′′ := (ϕM )M∈C′′ . Similarly, we de�ne ψM : Ψ(M) → Φ(M) and ψ′′ := (ψM )M∈C′′ .The straightforward veri�
ation that ϕ′′ and ψ′′ are natural transformations and that ψ′′◦ϕ′′ =
idΦ′′ is left to the reader.(
) Lastly, we 
onsider a �xed �nitely generated left A1-module Z. We want to show that thereare left A2-module homomorphisms ϕZ : Φ(Z) −→ Ψ(Z) and ψZ : Ψ(Z) −→ Φ(Z) su
h that
ψZ ◦ ϕZ = idΦ(Z) and su
h that, for every f ∈ HomA1

(Z,Z), we have Ψ(f) ◦ ϕZ = ϕZ ◦Φ(f)and Φ(f) ◦ψZ = ψZ ◦Ψ(f). In the 
ase that Z is an obje
t in the 
ategory C′′ de�ned above,this is true, as we have shown in (b).So we may suppose that Z is not in C′′, and we de�ne C′′′ to be the full sub
ategory of A1-modsu
h that any obje
t in C′′′ is either equal to Z or is already an obje
t in C′′. We denote therestri
tions to C′′′ of Φ and Ψ, respe
tively, by Φ′′′ and Ψ′′′, respe
tively. We show that we 
anextend the natural transformations ϕ′′ and ψ′′ to natural transformations ϕ′′′ : Φ′′′ −→ Ψ′′′and ψ′′′ : Ψ′′′ −→ Φ′′′ su
h that ψ′′′ ◦ϕ′′′ = idΦ′′′ . For this, let M be an obje
t in C′′ su
h that
Z is A1-isomorphi
 to M , and we �x an A1-isomorphism h : Z −→M . Moreover, we set

ϕZ := Ψ(h)−1 ◦ ϕM ◦ Φ(h), and ψZ := Φ(h)−1 ◦ ψM ◦Ψ(h).We leave the straightforward veri�
ation that ϕ′′′ := (ϕX )X∈C′′′ and ψ′′′ := (ψX)X∈C′′′ havethe desired properties to the reader.Spe
ializing Z := A1, we observe that Φ(A1) be
omes an (A2, A1)-bimodule in the followingway: for ea
h a ∈ A1, let µa : A1 −→ A1, b 7−→ ba be right multipli
ation with a. This is aleft A1-module homomorphism, and for a, a′ ∈ A1 we have µa ◦ µa′ = µa′a. For x ∈ Φ(A1)and a ∈ A1, we now de�ne x ·a := (Φ(µa))(x). It is easily 
he
ked that this de�nes a right A1-module stru
ture on Φ(A1) and turns Φ(A1) into an (A2, A1)-bimodule. Analogously, Ψ(A1)
arries an (A2, A1)-bimodule stru
ture. Moreover, from this we now dedu
e that ϕA1
and ψA1are in fa
t homomorphisms of (A2, A1)-bimodules with ψA1

◦ ϕA1
= idΦ(A1). To summarize,we have proved the following: 20



Lemma A.5. Let A1 and A2 be �nite-dimensional semisimple algebras over an algebrai
ally
losed �eld K. Let further
Φ : A1-mod −→ A2-Mod and Ψ : A1-mod −→ A2-Modbe K-linear fun
tors su
h that, for ea
h simple left A1-module D, there are some ϕD ∈

HomA2
(Φ(D),Ψ(D)) and some ψD ∈ HomA2

(Ψ(D),Φ(D)) with ψD◦ϕD = idΦ(D). Then thereare (A2, A1)-bimodule homomorphims ϕA1
: Φ(A1) −→ Ψ(A1) and ψA1

: Ψ(A1) −→ Φ(A1)with ψA1
◦ ϕA1

= idΦ(A1). In parti
ular, Φ(A1) | Ψ(A1), as (A2, A1)-bimodules.Remark A.6. Again let K be an algebrai
ally 
losed �eld, and let B ⊆ A be a ring extensionof �nite-dimensional semisimple K-algebras. Let further Irr(A) = {χ1, . . . , χr} and Irr(B) =
{η1, . . . , ηs} be the sets of irredu
ible 
hara
ters of A and B, respe
tively. Then we de�ne an
(s × r)-matrix M = (mkl) with non-negative integer entries as follows: for k = 1, . . . , s and
l = 1, . . . , r, we set

mkl := 〈ηk,ResAB(χl)〉 = 〈IndAB(ηk), χl〉.The equality follows from Frobenius Re
ipro
ity. The matrix M is 
alled the in
lusion matrixof the ring extension B ⊆ A. Then, for i ≥ 1, we de�ne, indu
tively, M2i := M2i−1MT ,and M2i+1 := M2iM. In a

ordan
e with [4℄, we say that M has depth d ≥ 2 if there issome positive integer q su
h that Md+1 ≤ qMd−1. It is shown in [4℄ that M has always �niteminimal depth.For i ≥ 1, we 
an express the entries in Mi in terms of iterated restri
tions and indu
tions of
hara
ters: for u, v = 1, . . . , s, the entry in position (u, v) in M2 is
r∑

t=1

〈IndAB(ηu), χt〉〈IndAB(ηv), χt〉 = 〈IndAB(ηu), IndAB(ηv)〉 = 〈ResAB(IndAB(ηu)), ηv〉.For k = 1, . . . , s and l = 1, . . . , r, the entry in position (k, l) in M3 is
s∑

t=1

(M2)ktMtl =

s∑

t=1

〈ResAB IndAB(ηk), ηt〉〈IndAB(ηt), χl〉

=
s∑

t=1

〈ResAB IndAB(ηk), ηt〉〈ηt,ResAB(χl)〉

= 〈ResAB IndAB(ηk),Res
A
B(χl)〉

= 〈IndAB ResAB IndAB(ηk), χl〉 = 〈ηk,ResAB IndAB ResAB(χl)〉.In general, we haveLemma A.7. Retaining the notation from Remark A.6, let i ≥ 1. Then, for k, u, v ∈
{1, . . . , s} and l ∈ {1, . . . , r}, the (u, v)-entry in M2i equals

〈[(ResAB IndAB)
i](ηu), ηv〉 = 〈ηu, [(ResAB IndAB)

i](ηv)〉,and the (k, l)-entry in M2i+1 equals
〈[(IndAB ResAB)

i IndAB](ηk), χl〉 = 〈ηk, [(ResAB IndAB)
iResAB ](χl)〉.21



Proof. We argue with indu
tion on i. By Remark A.6, we know that the assertion is truefor i = 1. Thus let now i ≥ 2. Let further k, u, v ∈ {1, . . . , s} and l ∈ {1, . . . , r}. Then, byindu
tion, we get
(M2i)uv =

r∑

t=1

(M2i−1)ut(MT )tv =

r∑

t=1

〈[(IndAB ResAB)
i−1 IndAB ](ηu), χt〉〈χt, IndAB(ηv)〉

= 〈[(IndAB ResAB)
i−1 IndAB ](ηu), Ind

A
B(ηv)〉

= 〈[ResAB(IndAB ResAB)
i−1 IndAB ](ηu), ηv〉

= 〈[(ResAB IndAB)
i](ηu), ηv〉 = 〈ηu, [(ResAB IndAB)

i](ηv)〉,and from this we then dedu
e
(M2i+1)kl =

s∑

t=1

(M2i)ktMtl =
s∑

t=1

〈[(ResAB IndAB)
i](ηk), ηt〉〈IndAB(ηt), χl〉

= 〈[(ResAB IndAB)
i](ηk),Res

A
B(χl)〉

= 〈[IndAB(ResAB IndAB)
i](ηk), χl〉

= 〈[(IndAB ResAB)
i IndAB ](ηk), χl〉 = 〈ηk, [(ResAB IndAB)

iResAB ](χl)〉.This proves the lemma.Theorem A.8. Let B ⊆ A be a ring extension of �nite-dimensional semisimple algebras overan algebrai
ally 
losed �eld K. Moreover, let i ≥ 1. Then the following are equivalent:(i) B has depth 2i+ 1 in A.(ii) There is some m ∈ N su
h that, for every simple left B-module D, we have
[(ResAB IndAB)

i+1](D) | m[(ResAB IndAB)
i](D).(ii') There is some m ∈ N su
h that, for every simple right B-module D, we have

[(ResAB IndAB)
i+1](D) | m[(ResAB IndAB)

i](D).(iii) The in
lusion matrix of B ⊆ A has depth 2i+ 1.Proof. Assertions (ii), (ii') and (iii) are equivalent, by Remark A.6 and Lemma A.7. More-over, assertion (i) implies assertion (ii), by Proposition A.2. It remains to show that (ii)implies (i). For this, we apply Lemma A.5, with A1 = A2 = B, Φ = T ′
i+1(B,A) ⊗B −, and

Ψ = mT ′
i (B,A) ⊗B −. Hen
e T ′

i+1(B,A) | mT ′
i (B,A), and B has depth 2i + 1 in A, as
laimed.The next theorem deals with the 
ase of even depth. Its proof is analogous to that of TheoremA.8 just given above. We thus leave it to the reader.Theorem A.9. Let B ⊆ A be a ring extension of �nite-dimensional semisimple algebras overan algebrai
ally 
losed �eld K. Moreover, let i ≥ 1. Then the following are equivalent:(i) B has left depth 2i in A.(i') B has right depth 2i in A. 22



(ii) There is some m ∈ N su
h that, for every simple left A-module D, we have
[(ResAB IndAB)

iResAB](D) | m[(ResAB IndAB)
i−1 ResAB](D).(ii') There is some m ∈ N su
h that, for every simple right A-module D, we have

[(ResAB IndAB)
iResAB](D) | m[(ResAB IndAB)

i−1 ResAB](D).(iii) The in
lusion matrix of B ⊆ A has depth 2i.Referen
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