CARDINALITY ESTIMATES FOR PIECEWISE CONGRUENCES
OF CONVEX POLYGONS (EXTENSIVE VERSION)

CHRISTIAN RICHTER

ABSTRACT. Two convex polygons P, P’ C R? are congruent by dissection with
respect to a given group G of transformations of R? if both can be dissected into
the same finite number k of polygonal pieces Q1,...,Qy and Q7, ..., Q) such
that corresponding pieces Q;, Q; are congruent with respect to G, 1 < ¢ < k.
In that case degg (P, P’) denotes the smallest k£ with the above property.

For the group Isom™ of proper Euclidean isometries we give two general
upper estimates for degy.,,,+ (P, P’), the first one in terms of the numbers of
vertices and the diameters of P, P/, the second one depending moreover on the
radii of inscribed circles. A particular result concerns regular polygons P, P’.

For the groups Sim™ and Sim of proper and general similarities we establish
upper bounds for degg;,+ (P, P') and degg;,,,(P, P’) in terms of the numbers
of vertices.

1. INTRODUCTION

Given a group G of affine transformations of the Euclidean plane R?, two poly-
gons P, P’ C R? are called congruent by dissection (or equidissectable) with respect
to G if there exist a number k € {1,2,...} and dissections of P into polygons
Q1,...,Qk and of P’ into polygons @7, ..., Q) such that, for every i € {1,...,k},
Q; and Q) are congruent with respect to G. Here a polygon is meant to be a
union of finitely many triangles. We say that P is dissected into Q1,...,Qx if
P = Q1 U...UQ; and the interiors of distinct pieces Q;,Q;, ¢ # j, are disjoint.
If P and P’ are equidissectable, the minimal number k admitting dissections with
the above property is called the degree of the congruence by dissection of P and P’.
This optimal number of pieces is denoted by degq (P, P’).

Of course, if P and P’ are congruent by dissection with respect to a subgroup H
of G, then P and P’ are equidissectable with respect to G, too, and

degG(P7 P/) < degH(P7 P/)

The present paper is devoted to degree estimates for congruences by dissection of
convex polygons with respect to the groups Isom of Euclidean isometries and Sim
of similarities. In fact, most results concern the subgroups Isom* and Sim™ formed
by the proper transformations of Isom and Sim, respectively.

The classical Wallace-Bolyai-Gerwien Theorem says that any two polygons of the
same area are equidissectable with respect to Isom (see [4] and [9, Chapter 3] for
historical remarks). The group containing all translations and all central reflections
is known to be the smallest subgroup of Isom satisfying the above property (see
[5, 1]). However, the question for the degree of congruences by dissection is rather
open. The following theorem by Hertel seems to give the first upper estimate for
degeom (P, P') concerning general polygons of equal area.
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Theorem 1 ([6, Satz 2]). Let P, and P, be an m-gon and an n-gon of the same
area whose diameters are d and d', respectively. Suppose that there exist dissections
of Py, into m —2 triangles Ty, ..., Tyn—2 and of P! into n—2 triangles T{, ..., T} _,
and define

¢ = min{diam(Ty), ..., diam(T},_2),diam(7}), ..., diam(T},_,)}.
Then
/ max{d,d’} 2
deglsom(vapn) §4(m_2)(n_2) f+2 .

Our first goal in Section 2 is an upper estimate for degyyo,, (P, Py) for arbitrary
convex P, and P}, only depending on m,n,d, and d’. We shall see that Theorem 1
gives a bound of that kind depending on m and n like a polynomial of degree 4 and of
quadratic behaviour in max { %, %,} (see Corollary 1). Then we establish a stronger

estimate for for degyyo,+ (P, P,) quadratic in m,n and linear in max {4, %} (see
Theorem 2). An important technical step to this main result concerns the piecewise
congruence of triangles (see Lemma 3).

The estimate of Theorem 2 can be improved if P,, and P, are known to con-
tain inscribed circles of sufficiently large radii (see Theorem 3). In particular,
degrsomt (P, Pr) < 7(m + n — 1) for regular polygons of the same area with m
and n vertices, respectively (see Theorem 4). This improves the bound

(1) degrom (P PP) < (2m+4)(n+1) for 3<m<n

given by Doyen and Landuyt without proof (see [2]).

Nevertheless, our estimates do not use to be sharp in particular situations. For
example, isometric congruences by dissection of regular P;, and P with very small
m,n, say m,n < 12, are known to require much less than 7(m + n — 1) pieces. We
refer to Theobald’s frequently updated web page [8].

The second major part of this paper concerns the groups Sim and Sim™ (Sec-
tion 3). Any two polygons P, P' are congruent by dissection with respect to Sim,

since P and the similar image ;‘((5,)) P’ of P’ have the same area and hence are

congruent by dissection with respect to Isom by the Wallace-Bolyai-Gerwien Theo-
rem. It is shown in [7] that any convex m-gon P, and any convex n-gon P, satisfy
deggi, (P, Pl) < 3(max{m,n} — 2). This motivates the definition

deggin, (m,n) = max{degg;,,(Pm, P.) : P, a convex m-gon, P, a convex n-gon}
for m,n > 3. We introduce degg;,,+ (m, n) analogously. Of course,
deggjy, (m, 1) = degg;y, (n,m) < degg;p,+ (M, n) = deggjy,+ (n, m).
The above mentioned estimate from [7] now reads as
(2) deggip, (m,n) <3(n—2) forall 3<m<n.

After a characterization of all pairs of triangles T, T” satisfying degg;,, (T, T") < 2
(see Corollary 2), we prove several properties concerning congruence by dissection
with respect to Sim™, which yield an upper estimate for degg;,+(m,n) strictly
stronger than (2) for all (m,n) # (3,3) (see Theorem 5). A final improvement
concerning degg;,,,(m,n) for larger m,n can be obtained by the use of improper
similarities (see Theorem 6).

All our estimates for degg (P, P),) of convex polygons P,,, P, can be realized
by dissections into convex pieces if G € {Isom™, Isom, Sim™}. Only Lemma 17 and
Theorem 6 on G = Sim are based on non-convex pieces of dissection.

We use the following notations: Given three points x1, 2,23 € R2?, the sym-
bols I(x1, 22), 122, |:C1x2|( = d(xl,:vg)), Zxixoxs, and |Zxixz0x3| stand for the
straight line passing through x1, 2, the line segment between x1, z2, the length of
that segment (which is the Euclidean distance of x1,x2), the angle determined by
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x1,%2,xs3, and the size of that angle, respectively. int(A), cl(A), bd(A), conv(A),
diam(A) = sup{d(x1,z2) : 1,22 € A}, and A\(A) denote the interior, the closure,
the boundary, the convex hull, the diameter, and the area measure, respectively, of
a (measurable) subset A C R%. |¢] and [€] are the largest lower and the smallest
upper integer bound of £ € R.

2. CONGRUENCE BY DISSECTION WITH RESPECT TO ISOMETRIES

2.1. An estimate in terms of vertex numbers and diameters based on
Theorem 1.

Corollary 1. Let P, and P, be convex polygons of the same area whose numbers
of vertices are m and n and whose diameters are d and d', respectively. Then

degrgom (P, ) < 4(m —2)(n — 2) (max{d, d'} max {Lifij, LE_,J} + 2)2 .
In particular
A8t (s PL) < mn(im -+ n)? (max {4, 41)"
For proving Corollary 1, we need a lower bound for the value ¢ from Theorem 1.

Lemma 1. Fvery convex m-gon P, admits a dissection into m — 2 triangles
Ty, ..., Tym—o such that

min{diam(Ty), ..., diam(T-2)} > 1J diam(P,,).

SE

One can obtain a strict inequality if m # 3.

Proof. We proceed by induction. The case m = 3 is trivial.

In the case m = 4 let P, have the vertices x1, x2, x5, 24. Let dy = d(x1,23) and
dy = d(xz2,24) be the lengths of the diagonals, say d; > dy. The convexity of Py
and the triangle inequality yield

diam(P4) = maxi<;<;<4 d(I“ xj) < dy + da.

Cutting P, along x1x3 gives a dissection into two triangles each having a diameter
of at least

d($1,$3) = dl Z % > diamf(P‘;) = ?%Jdiam(le).

Now let m > 5. Let x1,...,x,, be the vertices of P,, in their order along the
boundary of P,,.

Case 1. diam(P,,) is the length of a diagonal, say of x1xk, k € {3,...,m — 1}.
Then zyzy dissects P, into a k-gon Py 1 = conv{z1,...,z;} and an (m—k+2)-gon
Pr—k+2,2 = conv{Zk, Tp+1, - - - , Tm, L1}, both with diameter d(x1, zx) = diam(P,,).
Application of the induction hypothesis to Py 1 and P,,_j42.2 yields a dissection of
P,, with the required properties.

Case 2. diam(P,,) is the length of an edge of Py, say of x12y,.

Case 2.1. d(x1,x3) > @ diam(P,,). We cut P,, along z1z3 into the triangle
T = Azqyzexs and the (m — 1)-gon P,,—1 = conv{xs, z4,..., Ty, x1} of diameter
d(x1,,) = diam(P,,). Then diam(T) > d(z1,x3) > @diam(zﬂm). Dissection
of P,,_1 according to the induction hypothesis gives m — 3 additional triangles of
sufficiently large diameters.

Case 2.2. d(x1,23) < 7 diam(P,,).  Then

%]

d(z3, Tm) > d(z1,2m) — d(z1,23) > (1 — Lle)diam(Pm) = Lﬁj diam(Py,).
2 2
We split P, along zsx,, into the quadrilateral Py = conv{xi,z2, T3, 2y} with

diam(Py1) = d(z1,2m) = diam(P,,) and into Py,—22 = conv{xs,..., &} with

diam(Py,—22) > d(x3,zm) > LEJ diam(P,,). The induction hypothesis gives
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dissections of Ps 1 and of P,,_2 2 into two and into m — 4 triangles, respectively.
The two pieces T of P, ; satisfy

diam(T") >  diam(Py1) = § diam(Pp,) > Llj diam(P,,).

SE

The m — 2 pieces U of Pp,_2 2 have diameters

m—2

diam(U) > diam(P,_2.2) > L diam(P,,) = &7 diam(P,,).
2

B N e |
Lm = EETE
This completes the proof. O

Proof of Corollary 1. We apply Theorem 1 to P,, and P/. According to Lemma 1
there exist dissections of P, and P/ such that the value ¢ from the theorem satisfies

(3) ¢>min {7, (47}, thatis L <max {24 Ll

Combining this with the statement of the theorem we obtain the first estimate of
the corollary. The second one is proved by

degreom (P, PL) < 4(m —2)(n — 2)(max{d,d'} max { %, 2} 4+ 2)*

< 4= D — D) (max {$, 5} max [, 3} +2)°

= (m- )(n—2)(max{d/,d}max{m n}—|—4)

< (m—2)(n —2)(max{m,n} +4)° (max {$, %})’

< (m=2)(n—2)((m+n-3)+4)"(max {,4})°

= (m-— )(m+n+1)(n—2)(m+n+1)(max{%,% )2

m(m + n)n(m + n)( max { £, %, )2.
|

We close this subsection by a claim showing that Lemma 1 is sharp. In this sense
the estimate (3) is best possible. This justifies the formulation of Corollary 1.

Lemma 2. For everym € {3,4,5,...} and every e > 0, there exists a convex m-gon
P, such that every dissection of P, into m — 2 triangles Ty, ..., Ty—o satisfies

min{diam(Ty), ..., diam(T,,—2)} < ( = + g) diam(Pp,).

Sketch of the proof. We assume m > 4, because the case m = 3 is trivial. Let 6 > 0

be small. We define P,,, = conv{z1,...,z,;,} where
(cos ((i —1)6 +6%),sin ((i — 1)d + 6%)) if i is odd,
e { (cos(id), sin(id)) if ¢ is even.
Then diam(P,,) = d(z1, 2, ) (if § is sufficiently small).
Suppose that P, is dissected into m — 2 triangles 71, ..., T;—2. It can be shown

by Euler’s formula that all vertices of the triangles are vertices of P,,, too.! Any

LThis is based on the following general observation.

Lemma. Let a conver m-gon Pp, be dissected into k triangles T, ..., Tx. Then k > m — 2 with
equality if and only if the vertices of all triangles T;, 1 <1i < k, are vertices of Pnm,.

Proof. Let V =A{x1,...,Zm,Y1,.--,Yp, 21,--.,2q, W1, - .., Wr} be the set of vertices of all triangles
T;, 1 <1 < k. Here z1,...,xm are the vertices of Pn, y1,...,yp are the vertices in the interior
of Py, each of which being contained in the relative interior of an edge of some T;, 1 < i < k,
z1,...,2q are the remaining vertices in the interior of P, and wi,...,w, are the vertices in
bd(Pm) \ {z1,...,zm}.

The point y; belongs to the relative interior of an edge of a unique 7;. We connect y; with
the opposite vertex of T; by a line segment. This segment subdivides the original partition of
P,, and generates a decomposition into k£ + 1 triangles. Next we refine the new decomposition by
a segment connecting y2 with the opposite vertex of the triangle of the new decomposition that
contains y2 in the relative interior of one of its edges. We continue the procedure up to yp. This
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FIGURE 1. The triangle strip X

such triangulation contains two different triangles each of them sharing two edges
with the boundary of P,,. Only one of them can contain the long edge z12y,.
Hence at least one of them is of the form T = Ax;x; 11242 with 1 < i < m — 2.
Consequently, diam(T') = d(x;, zit2) = d(x1,x3) = d(x2,z4). We obtain

diam(7T) _  d(zi,x . d(zy,x 1 6
dia?n(g%,f) = d((mll,zi)) and  lims)o ﬁ = lims o @ - F&‘J
Thus P, satisfies the claim of Lemma 2 if § is sufficiently small. O

2.2. Congruence by dissection of triangles.

Lemma 3. Let T and T’ be triangles of the same area having the diameters d and
d', respectively. Then

degreom+ (1, T") < 4 B max{%, %, -‘ +3.

Proof. We use the method of crossposing triangle strips (see [3, Chapter 12]).

Let T = Axoz12o with d = d(xp,21). ¢ denotes the centre of xoZg. Let 7 be
the translation mapping xo onto x; and let ¢ be the central reflection with respect
to c. We define z; = 7%(20), Ty = 7(T), &; = o(x;), and T; = o(T;) for i € Z.
Then the triangles T5, Ti, i € Z, form an infinite dissection of a strip ¥ bounded by
I = I(zo, 1) and [ = I(&g,21) (see Figure 1). The sizes of the inner angles of T at
Zo, %1, %0 are denoted by «, 3,7, respectively. Since d(xo,x1) = d is the diameter
of T, the width of ¥ is at most @ d. Based on T’, we introduce a strip ¥’ and

respective terms ¢, 7', o', af, T/, &}, Ti’, U, 1, o, 3, ~ analogously. We assume
T = Axox1io and T" = Axyx) i to be oriented in the same way.

Without loss of generality, d < d’. Then o < a or 3 < 3, because T and T’
have the same area. Again without loss of generality, o/ < «.

We suppose that ¢/ = ¢ (which can be obtained by translating 7”). Finally, we
assume that the intersection XNY' is a parallelogram P, whose vertices p1, p2, ps3, p4
represent the intersections INI’, INI, INI, INI’, respectively, such that d(pa2,ps) =d'
and 0 = |Zp1pap3| < § (see Figure 2). In fact, this situation can be obtained by

suitably rotating ¥’ around ¢, because the width of ¥ does not exceed \/Tg d< @d’ .

way we obtain a dissection of P, into k + p triangles T7, ... ,T];+p whose set of vertices coincides
with V. No element of V belongs to the relative interior of an edge of some Ti’7 1<i<k+np.
Hence the set E = {e1,...,€} of all edges of the triangles T7,... ,T,;er defines a planar graph
with vertex set V' and Euler’s formula yields

1 = card(V) — card(E) +card({T{,...,T,€+p}) =(m+p+qg+r)—1+(k+Dp).

We write | = I3 + 12, l1 being the number of segments from E situated on bd(Pm) and l2 being
the number of segments meeting int(Pp,). So l1 edges from E belong to exactly one of the triangles
Tl’7 .. ,Té+p and the Iz other edges belong to two triangles. Hence 3(k +p) = l1 + 2l2 = 20 — ;.
We have 1 = m + r, because bd(Py,) is subdivided by z1,...,Zm,w1,...,w,. Therefore

20=3(k+p)+l1=3(k+p)+m+r

Combination of the two formulas gives k = (m — 2) + (p + 2¢ + r). So k > m — 2, because
p,q,7 > 0, and k = m — 2 if and only if p = ¢ = r = 0; that is, if and only if V = {z1,...,zm}.
This yields the claim. O



6 CHRISTIAN RICHTER

FIGURE 2. Crossposing the strips ¥ and ¥’

N~

FI1GURE 3. Dissections of T and T

The midpoints ¢; and cg of p1ps and p3py satisty d(c,c1) = d(c,¢3) = %/ and
hence agree with the centres of z}4{ and z(Z}, respectively. The area of P is
twice that of 7" and so twice that of T, too. This shows that d(p1,p2) = d and
the midpoints ¢y and ¢4 of pops and pips coincide with those of x1%g and zoZ1,
respectively.

The edges of the triangles T7, Ti, T!, Tl’ dissect P into finitely many polygons that
appear in k pairs symmetric with respect to ¢. Each pair consists of one member
contained in | J;c;, T; and one member covered by J;,, T;. Tmages of the k first
members under suitable integer powers of 7 form a dissection of T' (see Figure 3).
Similarly, we find one element in every pair of symmetric pieces of P such that
images of these k elements under suitable integer powers of 7’ constitute a dissection
of T". This shows that deg.,,+ (T, T") < k.

It remains to establish an upper bound for k. We prepare this by proving
(4) a+f +6<m

Among all triangles Azoz1y with y € [ and of diameter d(zg, 1) = d the isosceles
one with d(x1,y) = d(zo,71) = d and [Zz120y| = |L20y21| = 000 > § Maximizes
the size of the inner angle at x, in particular o < ay. Its area coincides with that
of T and can be computed by 1d?sin(|Zzoz1y|) = $d*sin(m — 2ap) = $d* sin 2.

So
a<ag, where Z<ap<Z and d*sin2ag=2\(T)= \(P)=dd sind.
Similarly,

B < B, where T<p)<Z and d7sin2p)=dd sind.
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These admit the estimate

dd'sin(m —§) = 32dd'siné
< g(Fs + Tl sino

1
2
1
2
1
2

dcosag 12 / dCOSﬁo 2
(d,CObB, d'"sin 26, + Toos oc d s1n2a0)

= dd' (cosagsin 3 + cos 3 sin o)
dd’ sin(ag + f3)).

Hence sin(ag+/3)) > sin(m—3) and therefore ag+ ) < m—3, because ag+5j, 7—0 €
[Z,7]. This implies (4), namely oo+ '+ < ag + 3y + 6 < .

Since 6 < % and d(wo,cs) = M <4< %/ = d(p1,c4) in the triangle
Axgpics, we have p; € U(i)io TixTi+1. Thus xgZo meets pips as well as paps and
splits P into two polygons symmetric with respect to c. We denote the one that
contains pyp2 by P;. Now k is the number of pieces of P contained in P;.

The dissection of P; is induced by those segments x;&1_;, ©;T—;, ;&) _;, zi&’,
that intersect int(P;). Among the edges of the triangles from ¥ these are exactly
the .Iijl,i, Iij},i satisfying X € TopP2 \ {{E(),pg}, that iS, 1 S ) S io = ’7%“ —1.

Next we shall see that z((, and x} & are the only edges of triangles from ¥’ that
can intersect int(Pl). For this it suffices to show that &{, € paps N Py, because then
all #ia!_,, &ta’ ,, i > 1, are separated from int(Py) by zoZo and all &z’ ,, &ia)_,,

i < —1, are separated from int(Py) by pi1p2. We have

d(e,2p) = d(z%’%) < %, =d(c,c1) < d(c, pa2).

Hence Z{, belongs to the open half-line {ps + p(ps — p2) : ¢ > 0}. On the other
hand, the slope tana of z¢Zo relative to the “horizontal” straight line [ is larger
than the slope tan(a’ — §) of &y, since o < . This yields &}, € paps N Pi. So the
dissection of P; induced by the triangles from Y’ is realized by the two segments
¢y, #her and consists of the three polygons Py N'T', PLNTY, P NT" .

Now the full dissection of P; is completed by the segments x;T1_;, ;T_; with
1<i<iy= [@] — 1. First let 1 < i <o — 1, that is, 2; € zop1 \ {z0,p1}-
Then each x;31_; or x;&_; passes through int(P; NT”) and intersects at most one of
int(P; N T}) and int(P, N7” ). Hence subdividing the previous dissection by such
a segment increases the number of pieces by at most 2. After having used all these
2(ip — 1) segments we have at most 3 + 4(ip — 1) = 4ig — 1 pieces.

We show now that the two remaining segments z;,&1_s,, Ti,Z—s, together in-
crease the total number of pieces of P; by at most 4. We have xz;, € p1pa \ {p2}. If
X, € prc1 \ {c1} we can argue as above. In the case x;, = ¢; each of z;,%1_;, and
x,%_, either intersects both int(PNT") and int(P; NTY), but misses int(P,NT" ),
or is collinear with ¢14(, or intersects only int(P; N 1" 1). This yields the claim. In
the final case x;, € c1p2 \ {c1,p2} (which is displayed in Figure 2) we compute

|Zpreri| + | £pawin@iy| = (B +0)+a <7

by (4). Thus z;,&_;, meets only P, N1”,, but misses int(P N7T") and int(P; NTY).
The segment ;, 1 _;, may intersect all three open polygons int(PNT"), int(P;NTY),
and int(P; N7 ). However, dissecting by both z;,#_;, and x;,4&1_;, enlarges the
number of pieces of P; by at most 4.



8 CHRISTIAN RICHTER

The last observation shows that the total number k of pieces in P; is bounded
by k < (4ig — 1) + 4 = 4ip + 3. Now the proof of Lemma 3 is completed by

degreom+(T,7") < k < 4¢0+3 = 4([dzer2)] 1) 43
< Huldlo,c <cc1>+d<c1,p2)>]—1)+3
< 4EGE+5+9)] - ) = 4[L]+3

= 4[ maX{d” d}-l

2.3. An improved estimate in terms of vertex numbers and diameters.

Theorem 2. Let P,, and P}, be conver polygons of the same area whose numbers
of vertices are m and n and whose diameters are d and d’, respectively. Then

degrsom+ (P, Py) < (m+n—5) ( [max{L 2{d L3)d Jd/ }W +3) :

In particular

degrgom+ (P, Pl) < 2(m + n)? max { £, %}.
The proof is prepared by two more lemmas.

Lemma 4. Let the area A(T) of a triangle T be represented as a sum NT) =
A+ ...+ M of k positive real numbers. Then one can dissect T' into k triangles
Ty, ..., Ty such that

MT;) =X  and diam(T;) > di'%(”f) for 1<i<k.

= d(xl, .Ig).
We fix points yl, ..., Yk—1 of the edge x1x3 such that d(x1,y1) = )\A%) d(x1,x3),
d(yi—1,yi) = )\(T) d(xy,23) for 2 <i < k-1, and d(yg—1,x3) = )(‘:’;) d(x1,z3). Then
T splits into T1 = Azqizoy1, T; = Ayi—1x0y; for 2 <i < k—1,and Ty = Ayg_1T223.
The areas of these triangles are proportional to the lengths of their edges contained
in z123. Hence A(T;) = A\, 1 < @ < k. An estimate of their diameters can be
obtained by the aid of the orthogonal projection 7 onto the long edge x122, namely

Proof. Let T = Amxixoxs and suppose that d(zq1,z2) > d(ze,x3)

diam(T;) > d(y;—1,22) > d(m(yi—1), x2) > d(r (@), x2) > Lrara) — diam(T)
for 2 <i < k. For Ty we even have diam(T}) = d(x1,z2) = diam(T). O

Lemma 5. Let P,, and P, be as in Theorem 2. Then there exist dissections of
P, into m + n — 5 triangles Ty, ..., Timin—5 and of P, into m +n — 5 triangles
T,....,T! 5 such that, for 1 <i<m+n —35,

m+n—

< diam(7}) < d'.

%J

NT;) = XT)), 2L%J < diam(T;) < d, and L

Proof. By Lemma 1, there exist dissections of P, into triangles 51, ... Sm_z with
diam(S;) > k7 and of P, into triangles S7, ..., S),_5 with diam(S}) > L 7+ Let
2

pi =>1_1 A(S1), 0 <i < m—2. Then the intervals I; = [p;i—1, i), 1 <i <m—2,
have the lengths A(.S;) and together constitute a dissection of [0, A(Py,)]. Similarly,
let v; = Y71 A(S)), 0 < j <n—2. Theintervals J; = [vj_1,1;], 1 < j < n—2, have
the lengths A(S}) and form a dissection of [0, A\(P})] = [0,A(P,)]. The numbers
1y ey fom—3s V1 -y Vn—3 cut [0, A\(Pp,)] into at most m + n — 5 subintervals each
being completely covered by some I; and by some J;. Hence there exists a dissection
of [0, A\(P,,)] into closed intervals K1, ..., Ky1n—5 of positive lengths which refines
both subdivisions {I1,...,I;,—2} and {J1, ..., Jh—2} simultaneously.
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The interval I; of length A(S;) splits into suitable K ,..., K; of the lengths
Aiys--->Ai,. By Lemma 4, S; can be decomposed into triangles T;,,...,T;, such
that

MNT,) =X,  and  diam(T;,) > 420050 >

5 for 1<r<I.

L%J
This gives the dissection of P, into 11, ..., Tijy4+n—5. In the same way we can dissect

P! into triangles T7,..., T}, ., _s with

m

AT)) =X and  diam(T)) > 5% for 1<i<m+n-5

% 20 %]
by partitioning S7,...,S)_o. In particular \(T;) = \; = A(T/). This completes the

proof. O

Proof of Theorem 2. We dissect P, and P, by Lemma 5. Then, for every i €
{1,...,m+n — 5}, we apply Lemma 3 to T; and T/. This gives dissections of P,
and P}, proving the first estimate. The second one can be shown as follows.

degroom+ (P, Ph) < (m+n—5)( (max{L%,J % }—|—1)+3)
< (m+n-5) (4max{F, E} 4 7)
— () (2max {5, 5} 4 7)
< (m+n-5)(2(m+n-3) max{?,%’}—i—?)
< (m+n-5)(2 (m+n—3)+7)max{%,%/
= 2(m+n—5)(m+n+%)max{%,%
2(m+n)2max{%,%

O

2.4. An estimate in terms of vertex numbers, diameters, and radii of
inscribed circles.

Theorem 3. Let P, be a convexr m-gon of diameter d containing a circle of radius r
and let P be a convexr n-gon of the same area having the diameter d’ and containing
a circle of radius v'. Then

deiuom (P, ) < (m -+ 0= 1) (4 [ Fmax {2, 2}] +3).
In particular
degrsom+ (Pms PL) < (m +n) (2 max { Ty } +7).
Again the problem is reduced to piecewise congruences of triangles.

Lemma 6. Let P, and P! be as in Theorem 3. Then there exist dissections of Pp,
into k <m+mn—1 triangles Th, ..., Ty, and of P}, into k triangles Ty, ..., T}, such
that, for 1 <1 <k,

MNT) = MT)), r<diam(T;) <d, and ¢ <diam(T})<d'.

Proof. Let xg, ..., %Tm—1 and x{, ..., z,_, be the vertices of P,,, and P, respectively,
ordered counterclockwise along the boundaries. Let ¢ and ¢’ be the midpoints of the
inscribed circles of the respective polygons. We define a bijection p of the half-open
interval [0, A(P,,)) onto bd(P,;,) such that the counterclockwise arc from zg to p(}\)
along bd(P,,) together with the segments cxy and ¢p(A) bounds a polygon of area
A. Similarly, we introduce p’ : [0, A\(Py,)) = [0, \(P})) — bd(P}).
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Now let {0 = p~L(20), ....p~ @m-1)} U{0 = ()" 1(h), .. (0)) 2 (_y)} =
{X0, .., Ax—1} be ordered such that 0 = A\g < ... < Ag—1. Of course, k < m+n—1.
We define

T { conv{c,p(Ai—1),p(N)}, 1<i<k-—1,

" conv{e, p(Ak—1), %o}, i=k,

and
;| conv{c,p'(Nic1), P’ (M)}, 1<i<k-—-1,
P { conv{c, p'(Ak—1),x( }s 1=k,
this way obtaining dissections of P, into T4, ..., Ty and of P} into 17, ..., T}. Then
Since every T; contains the centre ¢ as well as at least one vertex outside the
inscribed circle of radius r, the lower estimate is obvious. The upper one is trivial.
The triangles T) behave analogously. O

Now Theorem 3 can be inferred from Lemma 6 as Theorem 2 has been proved
by Lemma 5.

2.5. An estimate for regular polygons.

Theorem 4. Let P} and P} be regular polygons of the same area having m and n
vertices, respectively. Then

deglsom*(P:r‘w P:z‘) S 7(m +n— 1)
Theorem 4 is an immediate consequence of the following claim and of Lemma 3.

Lemma 7. Let P, and P} be regular polygons of area 1 having m and n ver-
tices, respectively. Then there exist dissections of P), into k < m +n — 1 triangles
Ti,..., Ty and of P} into k triangles T, ..., T} such that, for 1 <i <k,

MNT) =NT})  and L < $emih <o

Proof. Simple trigonometric calculations show that the radius r,, of the largest

inscribed circle, the radius R,, of the smallest circumscribed circle, and the edge
length e, of P, are

. 1 . 14tan? T o

rm—im, R, = T tan em = 24/5- tan .

We assume 3 < m < n without loss of generality.

Case 1. n=4. Then m = 3. We cut P§ along an axis of symmetry into 77,75

and Pj along a diagonal into 77, T3. Then A(T;) = A(T}) = § and g:jrrﬁg,; = o5 =
22371 = 1.07... for i = 1,2.

Case 2. n > 5. Now we define dissections of P, into T1,..., T, k <m+n—1,
and of P! into 17, ..., T} as we did in the proof of Lemma 6. We obtain in particular

NT;) = XNT]), rm<diam(T;), and 7, < diam(7})

3

for 1 <14 < k. For the remaining estimate of g;%g,g let 7 be fixed.

Case 2.1. m = 3.  The triangle T/ is of the form Ac'yjy, ¢’ being the centre
of P! and y,y5 lying on a common edge of P,. We can estimate diam(T}) =
max{|c'yy |, |¢'ya], [y1y2} by
(5) rs < 1y < diam(7)) < max{R,, Rn,e,} < max{Rs,e5} = es.

Similarly, we obtain T; = Acyiy2, where c is the centre of P and y1,y» lie on a
common edge of P§. The respective triangle T/, which has the same area as T;, is
contained in one of the n pairwise congruent triangles defined as the convex hulls
of ¢ and an edge of P}. Hence A(T;) = A(T}) < 1 < 1. Since r5 is the height of
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FIGURE 5. Proof of Lemma 9

T; over the edge 1192, we obtain % =\NT;) < % and hence |y;y2| < 5273 Thus
diam(T;) satisfies the estimate
r3 < diam(7T;) = max{|cy1|, |cyz|, |y1y2|} < max {Rg, Rs, %} = %

Combining this with (5) we obtain the required inequalities, namely

_r diam(T;) 5on _
0.57... = 2 < Tam) < 22 =1.73...

Case 2.2. m > 4.  Arguments similar to those for showing (5) give
ry <1y < diam(T;) < max{ R, Rm,em} < max{Ry,es} = ey,
ry < rp < diam(T}) < max{R,, Rn,en} < max{R4,es} = ey4.

Consequently, % = Z—j < g:jrr;lg% < & = 2. This completes the proof. O

ra

3. CONGRUENCE BY DISSECTION WITH RESPECT TO SIMILARITIES
3.1. Triangles T, T’ satisfying degg;,,(T,T") < 2.

Lemma 8. If the size a of an angle of a triangle T coincides with the size o of an
angle of a triangle T', then degg;,, (T, T') < 2.

Proof. Let a, 3,y and o’ = «, ', be the sizes of the angles of T" and T’, respec-
tively. We can assume that 8 < 8’ and 7' < «, because 8+ v = ' ++' (and the
case 8 = ',y = 4/ is trivial). Corresponding dissections are shown in Figure 4.

O

Lemma 9. If the size « of an angle of a triangle T and the size &' of an angle of
a triangle T' satisfy o + o = m, then degg;,+ (T, 1) < 2.

Proof. We obtain @ = 3’ ++' and o/ = 8+ ~. The dissections are illustrated in
Figure 5. O

Corollary 2. Two triangles T, T" satisfy degg;,, (T, T") < 2 if and only if T has an
angle of size o and T' has an angle of size o such that « = o' or a + o' = 7.

Proof. The sufficiency is shown by Lemmas 8 and 9.

The proof of the necessity is based on considerations of the angles of the pieces
of dissection. A point z is called a vertex of a general polygon P if {z} is the
intersection of at least two distinct maximal line segments belonging to the boundary
of P. (z need not be an endpoint of these segments.) The size of the angle of P

at x can be defined by 27 lims) %, B(z,d) denoting the circular disc with
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centre x and radius §. We collect the sizes of all angles of P in a multiset A(P).
That is, if different angles have the same size then this size appears several times
in A(P).

Let us assume that a congruence by dissection of T' and 1" is realized by the
dissections T' = P, U P, and T" = P{ U Py, where P; is similar to P; and P» is
similar to Pj. Clearly, A(P;) = A(P)), 1 =1,2.

If there are a1 € A(P1), as € A(P,) such that a; + as = 27 then one of
these sizes is greater than or equal to m. Hence it represents an angle at a vertex
in the interior of 7" and the other size represents the angle at the same vertex of
the complementary piece of dissection. We eliminate «; from A(P;) and ap from
A(P,). This procedure is continued until the remaining sets A;(P;) and A;(P;)
do not contain any more pair (a1, a2) € A1(P1) x A1 (P2) such that oy + ag = 27.
Then A;(P;) consists of all sizes of angles of P; at vertices lying on the boundary
of T.

Now suppose that there exists (a1, @z) € A1(Pr)x A1(P2) such that a1 +a = 7.
It is impossible that both sizes belong to angles of P, and P; at vertices of T, because
in that case they would represent distinct parts of at most two angles of T" and their
sum had to be less than w. So at least one of the sizes a1, as represents a vertex
in the relative interior of an edge of T'. Hence the other size can be understood as
the size of the angle at the same vertex of the complementary piece of dissection.
As above, we eliminate o from A (P;) and «y from A;(P) and continue until
there exist no more pairs of that kind. The resulting sets Ao (F;), i = 1,2, contain
exactly the sizes of those angles of P; that appear at the vertices of T'. In particular
AQ(Pl) = {61,...75k1} and AQ(PQ) = {771,...777k2} with 0 S ki S 3, = 1,2, and
k1 +ko > 3, because every size in A(T) is the sum of at most one element of Ag(P;)
and at most one element of Ay(P,), depending on whether the corresponding vertex
of T belongs to P; and/or to Ps.

Note that the above reductions of A(P;)( = A(P{)) and of A(P)( = A(P}))
did not depend on T, but only on the two multisets themselves. Hence the same
procedure shows that As(Pp)( = A2(P{)) and Az(P,)( = Ax(P})) represent the
angles of P| and Pj at the vertices of T”, too.

Case 1. There is i € {1,2} such that k; = 3.  Then P; and P/ contain all
vertices of T and T”, respectively. The similarity of P; and P/ implies the similarity
of T' = conv(P;) and T" = conv(F/). This yields the claim.

Case 2. k1 + ks =3. Then A(T) = Aa(Py) U Ay(P2) = A(T"). The sizes of
the angles of T' agree with those of T”.

Case 3. ki,ko < 3 and k1 + ko > 3. Now k1 = ko = 2 and, without
loss of generality, A(T) = {61 + m1,d2,7m2}. The multiset A(T’) must be one of
{51 + 1, 52, 772}, {51 + 12, 52, 771}, {52 +m, 51, 772}, and {52 + 12, 51, 771}. In the first
three situations T' and T” have at least one angle of the same size. Finally, in the
last case we obtain (61 + n1) + (d2 + n2) = (61 + m1) + 92 + N2 = 7. This completes
the proof. O

3.2. A collection of lemmas concerning Sim™.
Lemma 10. degg;,,+(3,3) < 3.

Proof. The corresponding dissections are illustrated in Figure 6. The construction
is possible if v and ' represent the largest angles in the respective triangles. It is
closely related to [7, Hilfssatz 3], but does not use improper similarities. |

Lemma 11. degg;,,+(3,4) < 4.

Proof. Let a triangle T' and a convex quadrilateral Py be given. T is determined up
to a proper similarity by the sizes «, 3,7 of its angles, counted in counterclockwise

order. We assume that o, < 5. Let vi,v2,v3,v4 be the vertices of Py, in the
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pa(va)
y z T =pa(x) @3(y) = pa(y) »3(2)

FIGURE 7. Proof of Lemma 11

same counterclockwise order, and let 71,172,713, 74 be the sizes of the corresponding
angles (see Figure 7). We assume without loss of generality that the orthogonal
projection of vy onto I(v1,v3) belongs to the relative interior of vyus. (This is the
case in particular if no > 7. At least one angle of that size must exist.)

For A\, € (0,1), we define x = x(A\) = v1 +A(va—v1), ¥y = y(A) = v3+ A(vga —v3),
and z = z(\, p) = 2 + pu(y — z). Moreover, we determine a = a(A, u) € l(vs,v1) and
b= b(A ) € l(v2,v3) such that both a and b are on the same side of I(x,y) as vq
and such that |Zzza| = « and |Zyzb| = §. This is possible, because Zvv3v2 and
Zv3v1v9 are acute and «, 8 < 5 according to the above assumptions.

Now we fix A, u such that ab is parallel to v1v3 (and hence to zy as well). Indeed,
in the limit case Ay = 0, that is x = vy, y = v3, we find such p by the intermediate
value theorem. Then, by continuity, for every sufficiently small A > 0, we find a
corresponding 1 = pu(A) € (0,1). (It will be important for the proof of Lemma 12
that A > 0 can be chosen arbitrarily small.)

Py splits into three quadrilaterals Q1 = conv{vy,a, z,z}, Q2 = conv{vs, b, 2,a},

Q3 = conv{vs,y, z,b}, and the triangle Ty = Awvgzy. Let @, 03,04 € Sim™ be
defined by ¢5(p) = a — $D(p — a), @s3(p) = p+ (11 — vs), and pu(p) = = —

ZEZ;?; (p — x). Tt can easily be checked that Q1,¢2(Q2), v3(Q3), and p4(Ty) form

a dissection of a triangle ¢(T'), which is the image of the original triangle T" under
some proper similarity ¢. This proves the lemma. |

Lemma 12. For every triangle T and every convex pentagon Ps, there exists a
triangle T C T such that degg;,+ (cl(T'\T), P5) < 4.

Proof. Let w1, ...,ws denote the vertices of Ps according to their counterclockwise
order and let d1,...,05 be the sizes of the corresponding angles. We count the
indices modulo 5. The asserted congruence by dissection is prepared by two claims
(Steps 1 and 2).

Step 1. There exists i € {1,...,5} such that 0;—1 + 6;,0; + di+1, 0ip1 + Jiga > 7.
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Ps

V3 = Wjt1

Yy x
Wi —2
Wj+2

Va

FIGURE 8. Proof of Lemma 12

Note that, for every k, 0x_o + dx_1 > T or Ogy1 + Okt > 7, because 6 < 7 and
the sum of all five angles is 3.

A first application of this to any fixed index k gives [ such that §; + §j41 > 7. A
second application to k = [ + 3 shows that §;_1 + §; > 7 or §;41 + di42 > 7. Say,
0141 + 0142 > m without loss of generality. A last application to k = [ 4+ 1 yields
d1—1 + 0; > m or 842 + O3 > w. Hence the claim of Step 1 is satisfied for i = [ or
fori=1+1.

Step 2. For every index i, there exists j € {i + 2,i + 3,1 + 4} such that the
orthogonal projection of w; onto l(wj—_1,wj+1) belongs to the relative interior of the
diagonal wj_1wjy1.

If |Zw;powip1wiys|, |Zwipowiy3wiy1] < § we can choose j = i + 2. In the case
| Zwipawiwigs], [Lwipawirzw;| < § the claim is satisfied for j = i + 4. If none of
the two situations appears we estimate |Zw;yowip1wiys| + |[Zwitowipzwir1] > 5
and |Zw;yqwiwigs| + |Zwipawigzw;| > 5. Now consideration of the angles of
Awi+1wi+2wi+3 and Awi+3wi+4wi shows

|[Zwitswiowira] < |Zwitswipawit]

= 7 — ([Lwigawip1wiys| + [ Zwiawipzwiy]) <3,
| Zwig3wipawipe| < |Lwipzwipaw]

= 7 — (|[Lwipawwirs| + |[Lwipawipswi]) < 5.

This yields the claim for j =14 + 3.

Step 3. Now the proof of Lemma 12 is close to that of Lemma 11 (see Figure 8).
We choose i, j according to Steps 1 and 2. Since d;_2 + 042 > m, the straight
lines I(wj_1,w;—2) and {(w;y1,w;12) meet at a point vy such that Ps is obtained
from the quadrilateral Py = conv{w,_1,w;j,w,+1,v4} by cutting off the triangle
Avswj_swjyo along wj_swjye. Now the procedure of the proof of Lemma 11 is
applied to P, and T', more precisely to v1 = w;_1,v2 = w;,v3 = Wjt1, and vy.
This is possible, because the orthogonal projection of vy onto I(v1,vs) is in the
relative interior of vivs by Step 2. As we have seen in that proof, we can choose
A > 0 arbitrarily small. This way we obtain z,y sufficiently close to v; and wvs,
respectively, such that z € wj_jw;j—2 \ {wj—2} and y € wj1wji2 \ {wj42}. Hence
the piece Ty = Avsxy of Py splits into a quadrilateral Q4 and Avqw;_ow;q2. This

way we obtain dissections of P5 into @1, ..., Q4 and of T into images of Q1, ..., Q4,
and of Avqw;j_ow;yo under suitable maps from Sim™. The image of Avqw;_owjyo
is the desired triangle T'. g

Lemma 13. degg;,+ (3,7 + 3) < deggim+ (3,n) + 4 for every n > 3.

Proof. Let T be a triangle and P43 a convex (n + 3)-gon. We split P43 into
a convex pentagon Ps; and a convex n-gon P, 2. By Lemma 12, there exists a
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d

b

FIGURE 9. Proof of Lemma 16; dissections of P, and P}

triangle T C T such that degg;,+ (cl(T'\ T), Ps,1) < 4. Hence

deggim+ (T, Prys) < deggim+ (T \T), P51) +deggim+ (T, Po,2) < 4+ deggip+ (3,n).
O

Lemma 14. Given a triangle T and a real number 0 < § < 2?77, there exists a

dissection of T into two triangles T1, Ty such that Th has an angle of size §.

Proof. Let a,b, c be the vertices of T' and let a < § < « be the sizes of the corre-
sponding angles. Of course, a < § < . For every x € ab\ {a,b}, T is dissected
into Th » = Aaxc and Ty, = Abxe. When x runs through ab\ {a,b}, Zacx attains

all sizes in (0,7) and Zaxzc all sizes in (8,7 —a) 2 (7, %’T) The remaining size - is
obtained by dissecting T" along a straight line through a or b. 0

Lemma 15. degg;,,+(3,5) < 6.

Proof. Let a triangle T and a convex pentagon Ps; be given. We cut P; along a
diagonal into a triangle Ty containing the largest angle of P5 and into a quadrilateral
Q. So Ty has an angle of size n > 3?” By Lemma 14, T splits into two triangles
T1,T, such that 77 has an angle of size 7 — 7. Now Lemmas 9 and 11 yield

degSim+ (T, P5) S degSim+ (Tl, T()) + degSim+ (TQ, Q) S 2 + 4 =6.

Lemmas 10, 11, 13, and 15 yield the following estimate for degg;,+ (3, n).
Corollary 3. degg;,,+(3,n) < |2222] for every n > 3.
Lemma 16. degg;,,+(4,4) <5.

Proof. Let two convex quadrilaterals Py, P; be given. Following the counterclock-
wise order, we denote their vertices by a,b,c,d and o', V', ¢, d’, respectively. We can
assume that the angles at d and d’ are not acute. Then the orthogonal projections
e and e’ of d and d’ onto I(a, c) and I(a’, ¢') belong to the relative interiors of ac and
a'c, respectively. For the sake of convenience we assume ac and a’c’ to be collinear.
Figure 9 illustrates dissections of Py and Pj, each consisting of one quadrilateral,
two pentagons, and two triangles. The dissections of Aacd and Ad'c’d’ are con-
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b

FIGURE 10. Proof of Lemma 16; the choice of p, s, p’, s’

structed in the same way as in Figure 6. The choice of the segments ps and p’s’ has
to be explained.

We fix z,y € abUbc and o',y € a'b/ UV ¢ such that |Zaex| = |Le/c'V|, |Leey| =
|Ze'a'V|, |Zd'e'x!| = |Zech|, and |Zce'y'| = |Zeab| (see Figures 9 and 10). The
transformations ¢1, ps € Sim™ mapping the two triangular pieces of Aacd onto the
respective ones of Aa'c’d are defined by ¢1(a) = €', p1(e) = ¢ and pa(e) = d’,
p2(c) = €’. We pick a point py € ab\ {a, b} relatively close to a. The segment pyc =
PoSo intersects ex in ¢ and ey in r9. We define two segments pjq(, and r{s;, parallel to
Poso by ph = ¢2(ro), ¢ = w2(s0) = €', 1y = p1(po), and s = v1(qo) (see Figure 10).
Similarly, we fix some s; € bc\ {c,b} close to ¢, obtain intersections ¢; and r; of
as; = p1s1 with ex and ey, respectively, and define segments p/ ¢] and | s| parallel
to p1s1 by py = pa(r1), @1 = p2(s1), 11 = ¢1(p1) = €', and 51 = p1(q1). (If po and s
are sufficiently close to a and ¢, respectively, then p{qp, (30, P14}, 7181 C Ad'b'c.)
Let {u} = poso N p1s1. We consider the family of segments ps passing through
u such that p ranges in pop; and s in sgs;. Corresponding points q,7,p',¢', 7', s
are defined as above. By the intermediate value theorem there is a choice of ps
such that p’, ¢/, 7', s’ are collinear. This position is used for the dissections given in
Figure 9.

Absp and Ae'q'r’ are congruent with respect to Sim™, because their edges are
pairwise parallel. The same argument applies to Aeqr and Ab's’p’. The similarities
of the quadrilaterals apge and e'r’s’c’ under 1 and of ersc and a'p’q’e’ under s
show that these quadrilaterals can be combined with the corresponding triangular
parts of Aacd and Aa’c’d’ this way constituting two pairs of respectively similar
pentagons. This gives the required congruence by dissection of Py and Pj. 0

3.3. Main result on Sim™.

Theorem 5. For arbitrary 3 < m < n,
5m—9 | _ | 7m+8n—27
|52 = [P

| Tmctin—2t ifn>m.

if n=m,

degSim+ (ma n) < {

Proof. Let a convex m-gon P,, and a convex n-gon P! be given.

Case 1. n = m and m = 2k+1 is odd (k > 1). Both P, and P/ are
dissected into k — 1 quadrilaterals and one triangle, P, = Q1 U ... U Qx_1 UT,
P =Q1U...UQ)_;UT’. Hence, by Lemmas 16 and 10,

deggim+ (P, Pp,) < Zf;l deggim+ (Qi, Q7) +degg;+ (T, T") < 5(k—1)+3 = 5m—2_9'
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Case 2. n =m and m = 2k is even (k > 2). Both P,, and P}, are dissected
into k—1 quadrilaterals, P, = Q1U...UQg_1, P, = Q1U...UQ}_;. By Lemma 16,
deggim+ (Pm, Pp,) < 5(k = 1) = L5(k -1+ %J = Pm—z_gj :

Case 8. n>m and m = 2k + 1 is odd (k > 1). P, is dissected into k — 1

quadrilaterals @1, ...,Qr_1 and one triangle T. P! is cut into k — 1 quadrilaterals
!

15+ Qp_y and one (n —2(k —1))-gon P, _,, ,. By Lemma 16 and Corollary 3,

deggim+ (Pm, Pp) < Zi—:f deggim+ (Qi, Q7) + deggin+ (T, P11172k+2)
n—2k — n—
< 5= 1) [0 o | Ty

_ L7k+§n—9+%J _ L7m+86n—24J' ’

Case 4. m > m and m = 2k is even (k > 2). P, is dissected into k — 2
quadrilaterals @1, ..., Qkx—2 and two triangles T7,7%. P/ is cut into k£ — 1 quadri-
laterals Q7,...,Qj_, and one (n —2(k —1))-gon P}_,, ,. By Lemmas 16 and 11
and Corollary 3,

degSim+ (Pma P7/l)
< 25;12 deggim+ (Qi, Q;) + deggi+ (T1, Q1) + deggi+ (T2, Pl _opi0)
< 5k—2)+4+ L4(n—27§+2)—2J — L7k+43n—12J _ L7m+%n—24j'

O

The two bounds b3y (m,n) = 3(n —2) from (2) and bnms(m,n) from Theorem 5
agree for m = n = 3, where the value b(2)(3,3) = brnms(3,3) = 3 is optimal by
Corollary 2. For all other 3 < m < n, brums(m,n) < bz)(m,n). In particular, if
((m4,m;))$2, is a sequence such that 3 < m; < n; and lim;_,o n; = co then

brhms (mi,ni) _ 4
b(g) (ml,nl) 9

7 1 i 45
+ 15 limsup,_, i ¢ [676}'

nq

limsup,_,
3.4. Congruence by dissection with respect to general similarities.
Lemma 17. degg;,,,(3,n) <n + 3 for every n > 3.

Proof. Let a triangle T = Aabc and a convex n-gon P, be given. We assume
the angle of T at ¢ to be not smaller than those at a and b. The vertices of P,,
ordered according to the same orientation as a,b,c, are denoted v1,...,v,. The
following assumptions are possible without loss of generality: P, C T \ (ac U bc).
The orthogonal projection of v onto I(ve, vy,) is in the relative interior of vouv,,. vavy,
is parallel to ab. v1 € int(T') and cv is perpendicular to ab. P, meets ab either in
a single vertex vy or in an edge vivg41 where k > 2. The size of P,, compared with
that of T' is small (that is, P, is contained in a sufficiently small neighbourhood
of the intersection of ab with the perpendicular straight line through ¢). Figure 11
illustrates the situation.

Let {la} = l(c,v1) Nl(a,v2) and {r,} = l(c,v1) NI(b,v,). By the above assump-
tions, la, T, € Avivvy, \ (v1v2 Uvivy,). For 3 <i <k, we define I; € l(a,v;—1) N P,
such that the angles Zv;_jav; and Zv;_1v;l; are of the same size. (This is possible if
P, is sufficiently small compared with 7', since then the angles Zv;_jav; are small.)
Similarly, for k < 7 <n—1in the case TNbd(P,) = {vi} and for k+1 < j < n—1if
TNbd(P,) = vkVk+1, we pick rj € I(b, vj41) NP, such that Zvj1bv; and Lvjp1v,7;
are congruent.

Now P, is dissected into the triangles Avjvals, Aviv,ry, Avi_1v:l; with 3 <
i <k, Avjivjry with k < j <n—1, and into a remaining polygon Q. (Note that
the triangles do not overlap if P, is sufficiently small compared with T". In the case
T Nbd(P,) = vrvk41 the triangle Avgivpr, does not appear. @Q vanishes if P,
is a triangle, since then wve,v3 € ab. These particular cases give rise to dissections
into a smaller number of pieces.) The triangle T splits into Acala, Acbr,, Aav;l;
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FIGURE 11. Proof of Lemma 17

for 3 <i <k, Abvjr; with k < j <n—1, and into Q. (As above, Abvgr, and Q
vanish if the respective parts of P,, do not appear.) Hence
deggin, (T, P,) < deggip, (Acala, Avivals)+degg;, (Achry, Aviv,ry ) +deggim (@, Q)
—+ Z§:3 degSim(Aavili, A’Uiflvili) —+ E;L;kl degSim(Abvjrj, Aijrlvaj).
Lemma 8 applies to Acals and Awvivgls, because they have a common angle.
The same is satisfied for Acbr,, and Aviv,r,. For 3 < i <k, Aav;l; and Av;_1v;l;
are similar, since they have a common angle at I; and Zl;av;(= Zv;—1av;) is of the
same size as Zv;—1v;l;. For k < j < n —1, Abvjr; and Avjyiv,r; are similar by
analogous arguments. Thus the above estimate can be continued to

deggim (T, Py) <2+2+1+(k—2)+ ((n—1)— (k—1)) =n+3.
This completes the proof. O

Theorem 6. For arbitrary 3 < m <mn,

n+3 if m=3,
deggim(m,n) << m+n+ 2] if4<m<11,
m+n+4 if m > 12.

Proof. Lemma 17 gives the estimate for m = 3. Now let 4 < m < n and let a
convex m-gon P, and a convex n-gon P/, be given. We split P, into a triangle T

and an (m — 1)-gon P,,_1. P, is cut into an (n — 1)-gon P/_; and a triangle T".

By Lemma 17 and Corollary 3,

degSim(Pm7 Pvlz) < degSim(Ta P7/z—1) + degSim(mela T/)
((n = 1) +3) + min { (m — 1) + 3, | 2mzD=2 )1
= m—|—n—|—min{4, L%J}

IN

This proves the theorem. O

The bound from Theorem 6 is better than that from Theorem 5 (and hence
improves (2)) if m + n is sufficiently large. Theorem 5 is stronger for small m, n.
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